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Industry 4.0 is reshaping the chemical processing sector by transforming plants into data-rich environments where adaptive forecasting can support advanced strategies such as predictive maintenance. In this context, Gaussian Process Regression (GPR) is particularly promising because it enables flexible function learning while providing uncertainty quantification. Its adaptability can be enhanced through automated kernel search, in which the covariance structure is updated as new data become available. The baseline for automated GPR is greedy search, where only the best-ranked model is expanded at each step. This work proposes a broader search strategy based on beam search with limited-discrepancy backtracking. The proposed BULB approach retains the top-ranked kernels within a beam width B and explores suboptimal branches within a discrepancy budget D, reducing the risk of premature convergence to suboptimal structures. The study evaluates several combinations of search parameters on five heterogeneous datasets for generality. The results identify a robust search configuration (B, D) = (145, 1) that recovers the global-optimal kernel for all datasets while exploring, on average, only 63.5% of the full search space. This configuration can support adaptive GPR for industrial forecasting, including predictive maintenance applications where greedy search has already shown promising results. Future developments may include extending the analysis to a larger number of datasets and incorporating uncertainty over the kernel structure by combining the best-ranked models into a meta-kernel.
Introduction
Industry 4.0 represents a broad reorganization of production around connected, data-rich, and increasingly autonomous systems (Lu, 2017). In industrial practice, maintenance is one of the areas most affected by this transition, where traditional reactive and preventive strategies are increasingly complemented by predictive and prescriptive maintenance approaches based on real-time data and adaptive forecasting models (Florian et al., 2021; Schweidtmann et al., 2024; Venkatasubramanian et al., 2003). Recent predictive maintenance studies have increasingly used machine learning methods to extract hidden trends directly from plant data (Hosseini et al., 2022; Negri et al., 2025a, 2025b, 2024; Sansana et al., 2024). Among these methods, Gaussian Process Regression (GPR) is particularly attractive for industrial forecasting because it combines flexible function learning with probabilistic predictions and uncertainty quantification, the latter being especially important in predictive maintenance. (Rasmussen and Williams, 2006; Rossi et al., 2019). When coupled with automated kernel search, GPR can identify covariance structures that reflect trends, long-range correlations, and changes in operating conditions, supporting adaptation to heterogeneous industrial datasets. Automated kernel search is therefore important because the covariance model determines how latent dynamics are extracted from process data and how the model behaves in time-series forecasting. The baseline approach is greedy search, in which candidate kernels are generated using predefined composition rules and base kernels, but only the best-ranked candidate is expanded at each level. Broader strategies have also been proposed, including genetic programming, where a population of candidate kernel expressions evolves through selection, crossover, and mutation. In this framework, each individual represents a valid kernel expression, its quality is assessed through a fitness function after hyperparameter optimization, and new candidates are generated by recombining or modifying parts of existing structures. Successful applications of genetic programming to automated kernel search have been reported in the literature (Roman et al., 2021). The present work proposes an innovative strategy based on beam search under limited-discrepancy backtracking (Zhou and Hansen, 2005). In this approach, the search retains the top-ranked candidates at each level instead of only the best one, and it explores suboptimal branches by spending a discrepancy budget, with later expansions possibly leading to better kernels.
Methods
[bookmark: _Ref228296329]Automated Gaussian Process Regression
Gaussian Processes (GPs) are stochastic processes indexed over a domain, such as time in time-series problems, where any finite set of function values follows a joint Gaussian distribution. It is defined by a mean function and a covariance function, or kernel, which encodes assumptions about the latent function, as shown in Eq. (1). Here, f(t) represents the latent function, m(t) is the GP mean, and k(t, t’) is the kernel of the model.
	
	(1)


Gaussian Process Regression uses this prior formulation through mean and kernel to infer a posterior distribution over functions from observed data, commonly assuming that observations are noisy realizations of an underlying latent function with additive Gaussian noise (Rasmussen and Williams, 2006). In this framework, the kernel is a central modeling choice because it determines the covariance structure of the latent function (Duvenaud et al., 2013; Lloyd et al., 2014). Automated kernel discovery addresses this important aspect of the procedure by searching over candidate covariance structures, with the main aim of improving predictive performance. Grammar-based compositional search, introduced by Duvenaud et al. (2013), represents the canonical approach: simple base kernels are combined through operations such as addition, multiplication, and replacement to generate increasingly complex structures, which are then scored and selected according to their performance. According to this approach, candidate kernels may be ranked using different criteria, including the Log Marginal Likelihood (Duvenaud et al., 2013), the Bayesian Information Criterion (Lloyd et al., 2014), the Mean Absolute Error (Galeazzi et al., 2024; Negri et al., 2025a) and the Weighted Interval Score (Negri et al., 2026). Grammar-based kernel discovery commonly relies on greedy search. According to this approach, at each search level, candidate kernels are evaluated using a selected validation metric and ranked; only the best-performing kernel is retained and expanded to generate the next set of candidates. Although greedy search is computationally efficient and often effective, it explores only a limited region of the search space and may discard promising kernel structures, leading to premature convergence to suboptimal solutions. To reduce this limitation, this work adopts a broader search strategy that combines beam search with limited-discrepancy backtracking, increasing the chance of identifying the global-optimal kernel in the search space of interest.
[bookmark: _Ref228294669]Kernel beam search under limited-discrepancy backtracking
Greedy search has been widely used in grammar-based kernel discovery with good results. Its main weakness is early commitment: once the best-ranked candidate at a given level is selected, alternative branches of the grammar are discarded, even if they could potentially lead to competitive structures. Beam search reduces this limitation by retaining the top-ranked candidates at each depth rather than only the single best one. Candidate kernels are scored using the selected criterion, such as Log Marginal Likelihood (LML), Bayesian Information Criterion (BIC), Mean Absolute Error (MAE), or Weighted Interval Score (WIS), and only the top-B candidates are expanded further. By preserving multiple structural hypotheses, beam search lowers the risk of premature convergence and is especially useful when similar kernels at shallow levels may later generate substantially different descendants. A further extension is limited-discrepancy search, which assumes that the heuristic ranking is usually informative but may occasionally make mistakes (Harvey and Ginsberg, 1995). In grammar-based kernel discovery, this corresponds to reconsidering candidate kernels that were not ranked in the top-B models at a given expansion step. This strategy is attractive when the global-optimal kernel differs from the greedy solution because of only a small number of early mis-rankings, although the search requires careful caching to avoid redundant and expensive model evaluations. The application of beam search under limited-discrepancy backtracking (BULB) was developed to make beam search more robust (Zhou and Hansen, 2005). In this approach, the search initially proceeds as in standard beam search, but it later revisits pruned alternatives within a limited-discrepancy budget. For grammar-based kernel discovery, BULB is therefore a promising compromise between narrow greedy search and exhaustive enumeration of all the possible combinations: it broadens exploration beyond both greedy and standard beam search, and it reduces the risk of discarding useful structures. The novelty of this work lies in applying BULB to automated GP kernel discovery. Greedy search commits to the single best kernel at each level (Duvenaud et al., 2013), while standard beam search retains multiple candidates but still permanently prunes those outside the beam (Yang et al., 2023). BULB extends beam search by adding limited-discrepancy backtracking, so selected suboptimal branches can be revisited within a controlled budget. Unlike stochastic genetic programming (Roman et al., 2021), the resulting search remains deterministic. To the best of our knowledge, this is the first use of BULB for GP kernel search. Figure 1 schematically illustrates BULB search in the kernel search space. Each dot represents a kernel: grey denotes generic models, orange denotes the top-B candidates retained at each level, light blue denotes a suboptimal branch explored by spending part of the discrepancy budget D, and red denotes the global-optimal kernel recovered by the search. Straight lines indicate parent-child relationships between kernels.
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[bookmark: _Ref228296997]Figure 1: Schematic representation of BULB search recovering the global-optimal kernel using WIS as the scoring criterion. The search parameters are (B, D) = (20, 1), and discrepancy budget is spent at level two.
The proposed BULB procedure builds candidate kernels across successive search levels by applying addition, multiplication, and replacement operations to the sub-expressions of each expandable kernel. The base kernels included in the automated search are listed in Table 1, together with their names and a brief description of the latent functions they are most suited to model. The White-Noise kernel (WN) is not included as an active search component, but it is added to each candidate kernel to represent additive Gaussian observation noise under the standard homoscedastic GPR assumption. The search strategy is evaluated on five heterogeneous datasets to assess its generality: monthly international airline passenger totals from 1949 to 1960 (Box and Jenkins, 1976), the Mauna Loa atmospheric CO2 record from 1959 to 2024 (Keeling et al., 1976), yearly averaged Total Solar Irradiance data from 1610 to 2024 (Lean et al., 1995), the pressure drop across the T-401 vacuum distillation column (Negri et al., 2025a), and the methane flow rate to the associated PH-401B feed-fired heater in the same used-oil refinery (Galeazzi et al., 2024). The kernel search space considered in this work is limited to combinations with a maximum length of five ( space), excluding the final addition of the White-Noise kernel.
[bookmark: _Ref228298403]Table 1: Gaussian Process kernel library adopted in the automated BULB search.
	ID 
	Kernel
	Description

	C
	Constant
	Constant offset, global bias level

	LIN
	Linear
	Linear trends, non-stationary behaviour

	RBF
	Radial Basis Function
	Very smooth functions, infinitely differentiable

	RQ
	Rational Quadratic
	Scale mixture of RBF, multi-scale smoothness

	M52
	Matérn 52
	Moderately smooth paths, twice differentiable

	M32
	Matérn 32
	Rougher than M52, once differentiable

	EXP
	Exponential (Matérn 12)
	Non-differentiable paths, sharp changes

	PER
	Periodic
	Periodic patterns, repeating structure


Results and Discussion
This section evaluates the capability of BULB search to recover the global-optimal kernel within the predefined  search space for the five datasets considered in this work. The reference kernel is identified beforehand by exhaustive enumeration of all kernel combinations with maximum length of five, excluding the final White-Noise term, providing a benchmark for retrieval performance. Figure 2 shows the effect of beam width B and discrepancy budget D for the Mauna Loa dataset as a representative case. Validation WIS is reported as a function of , for , as a measure of the quality of the retrieved kernel, with lower WIS values corresponding to more competitive models. The behaviour shown here is common to all investigated datasets, with WIS decreasing stepwise as B and D increase, indicating that broader exploration can gradually identify kernels with lower validation error, until the global-optimal kernel is eventually reached for a large enough combination of (B, D) search parameters. Since BULB is deterministic, B and D determine the extent of the explored search space; for sufficiently large values, the procedure becomes equivalent to exhaustive search. The objective is therefore to identify a robust combination of B and D that recovers the exhaustive-search kernel across all datasets while minimizing the number of Unique Model Evaluations (UME), which is used as a proxy for computational cost. Although this type of search may generate formally equivalent kernel expressions, the grammar-based implementation stores each unique expression together with its corresponding WIS value. Retrieving a previously evaluated expression from the cache is therefore much cheaper than repeating full GPR training. For this reason, the number of UME remains the controlling measure of computational cost. For the Mauna Loa dataset, the global-optimal kernel is recovered at (B, D)  {(3587, 0), (84, 1), (19, 2), (1, 3)}, with the beam width required for D = 0 exceeding the range shown in Figure 2a. Furthermore, Figure 2b reports the corresponding number of Unique Model Evaluations, as an indication of the computational cost of the procedure. The number of evaluations increases with both B and D, with D having the stronger effect because it enables the exploration of much larger fractions of the search space due to the systematic expansion of suboptimal branches. For D = 3, the search already reaches the cost of exhaustive exploration at (B, D) = (1, 3); therefore, the remaining analysis focuses on the more computationally relevant settings D  {0, 1, 2}.
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[bookmark: _Ref228355072]Figure 2: Results for BULB strategy on the Mauna Loa dataset over beam width B  [1,100] and D   {0,1,2,3}. Values for (a) WIS and (b) UME are reported together with the corresponding limit from exhaustive search.
Moving on a deeper investigation of the proposed approach, the search metadata provide a level-by-level interpretation of the representative Mauna Loa case. For the lowest-cost configuration that recovers the exhaustive-search kernel with the minimum UME requirement, (B, D) = (84, 1), Table 2 reports the fastest path to the solution and gives, for each selected kernel, its rank within both the full level and the retained beam. For this dataset, the second level is the controlling level, because the search must retain the eighty-fourth-ranked kernel in the B = 84 beam to remain on a path leading to the exhaustive-search solution. Furthermore, Table 2 also reports discrepancy expenditure across levels. In the fastest path, the discrepancy budget is used at level three by selecting a slice containing a kernel ranked 1719 out of 3388. The following composition step yields the global-optimal kernel and reduces validation WIS by approximately 77% between levels three and four. 
[bookmark: _Ref228452174]Table 2: Search metadata for the Mauna Loa dataset under the lowest-cost configuration (B, D) = (84, 1).
	Search level 
	Level rank
	Beam rank
	D budget
	Kernel
	WIS

	1
	20/80
	20/80
	0
	M52 + RQ
	8.197

	2
	84/816
	84/84
	0
	M52 * RQ + RQ
	7.646

	3
	1719/3388
	39/84
	1
	M52 * RQ + RQ * RQ
	8.165

	4
	1/5472
	1/84
	0
	M52 * (PER + RQ) + RQ* RQ
	1.914



After evaluating the (B, D) combinations across all datasets, robust search settings can be defined to recover the global-optimal kernel while avoiding full exhaustive enumeration over the search space. For each discrepancy budget D  {0, 1, 2}, a robust beam width  is defined as the largest minimum beam width required across datasets to recover the exhaustive-search kernel, increased by a 5% safety margin, as shown in Eq. (2):
	
	(2)


The final robust configuration is then selected as the (B, D) pair that minimizes the average number of UME across datasets while recovering the global-optimal kernel in all cases. As reported in Table 3, the best robust configuration is (B, D) = (145, 1). This setting recovers the global-optimal kernel for all datasets with an average of 114,638 UME, corresponding to approximately 63.5% of the full  kernel space. This robust search strategy supports an enhanced automated GPR procedure designed to identify highly competitive covariance models for complex time series forecasting tasks. Its main relevance lies in applications where robust forecasting is required due to heterogeneous, noisy, and non-stationary data, including predictive maintenance in chemical plants within the broader Industry 4.0 context. This application is further supported by previous results showing that simpler versions of the same automated Gaussian Process Regression framework can already provide satisfactory performance when based on a simple greedy search baseline (Negri et al., 2025a, 2025b, 2024).
[bookmark: _Ref228367439]Table 3: Robust  pairs for global-optimal kernel discovery across datasets, with associated UME values.
	Dataset
	UME
	UME
	UME

	Airline Passengers
	128,059
	122,079
	142,249

	Mauna Loa
	122,008
	117,112
	155,289

	Solar Irradiance
	127,954
	128,511
	152,289

	PH-401B furnace
	121,577
	109,024
	157,449

	T-401 column
	118,908
	96,464
	155,758

	Average [n.]
	123,701
	114,638
	152,660

	Average [%]
	68.5%
	63.5%
	84.6%


Conclusions
This work proposed an advanced search strategy for automated GPR aimed at the robust recovery of global-optimal kernels. This approach extends the standard greedy search baseline, in which candidate GP kernels are obtained only from expanding the best-performing model. The proposed strategy uses beam search with limited-discrepancy backtracking: it retains multiple best-ranked candidates at each level instead of only the best one, and it uses a discrepancy budget to explore suboptimal branches that would otherwise be discarded, so that later compositions may lead to better kernels. The method was evaluated on five heterogeneous datasets to test its generality. The results show that the robust configuration (B, D) = (145, 1) recovers the global-optimal kernel for all investigated datasets while requiring the lowest average number of Unique Model Evaluations among the tested configurations. On average, this specification evaluates 63.5% of the full search space, providing a substantial reduction in computational cost compared with exhaustive enumeration. The proposed BULB configuration can therefore support robust automated GPR workflows for adaptive industrial time-series forecasting. This unit-agnostic and model-agnostic approach is particularly relevant for predictive maintenance, where previous applications of automated GPR based on greedy search have shown promising results and may benefit from the broader proposed strategy. Future developments may include extending the analysis to a larger number of datasets to obtain more statistically grounded search parameters, and the inclusion of structural uncertainty over the kernel structure by combining the best-ranked models into a composite meta-kernel.
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