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Abstract
A mathematical programming approach is suggested to predict the environmental impact of carbon offsetting by emissions trading systems under various circumstances. The proposed method is to simulate industries that seek to minimize the cost of reduction and/or offsetting of carbon emissions minus the value of retained carbon credits. Case study indicates that reduction of net emissions can be promoted by emissions trading systems if rightly operated. The necessary conditions are industrial abilities to reduce emissions and/or capacities for extension of sequestration, correct issuance of carbon credits, proper policies on allowances, and rational rules on carryovers.
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Introduction
Carbon offsetting means to compensate for carbon emissions by earning or purchasing carbon credits, which are issued by governmental organizations as reward for carrying out or investing in projects that contribute to reducing atmospheric carbon dioxide (Wikipedia, 2023a). Typical carbon offset projects include forestry, renewable energy, energy conservation, and conversion of waste to energy (Jennifer L, 2023). If carbon credits are correctly evaluated for these projects, and the total amount of carbon credits is limited to the total capacity of carbon sequestration, net zero emissions can be attained. However, carbon neutrality defined as such only guarantees a steady state of carbon cycle, at which the concentration of atmospheric carbon dioxide can still be high, if emissions and sequestration are equally large. Therefore, rigorous carbon cycle impact assessment is necessary in order to correctly evaluate carbon credits for various carbon offset projects (Choi, 2023). Carbon credits basically represent allowances for emissions, and can be sold and bought in carbon markets (Wikipedia, 2023b). Speculation is that, as the government reduces allowances, their price increases, until the industry is forced to reduce emissions rather than to offset them. However, carbon markets are geared towards offsetting (Frank, 2023). In this work, the effectiveness of carbon markets is investigated in terms of carbon cycle dynamics (Choi and Manousiouthakis, 2022).
The emissions trading system (ETS) facilitates the process industry’s achievement of carbon neutrality. The root reason is that companies can offset their emissions by purchasing carbon credits even if they emit more than the allowances allocated by the government. The only obstacle seems to be the future price of carbon credit, if available, which is expected in general to increase as carbon neutrality is approached (Tiseo, 2023). This prediction is reasonable because, after carbon neutrality is achieved, the government can no longer allow offsets more than the capacity of sequestration attained up to that time. The ETS differs from country to country, but generally, the total allowances are reduced every year, and a fixed amount of allowance is additionally placed on the market if the price of carbon credit increases over a certain preset value. If the price of carbon credit is significantly higher than the cost of carbon capture, companies will prefer reduction to offset. Besides, surplus credits, if any, can be sold for profits. However, most companies prefer carryover to the next year in order to prepare for an uncertain future. Carryover rules also differ from country to country. If not allowed, excessive supplies will lower the price, weakening the driving force for reduction. If unlimited, accumulated allowances will lead to insecure carbon neutrality. The effects of carryover rules are also evaluated in this work.
In order to get ETS to properly work, carbon credits should be evaluated to represent actual decrease in net emissions. Evaluation of direct reduction is straightforward, but assessment of indirect reduction is apt to cause duplicate credits. Actually, over-crediting is known to be happening (Gurgel, 2022). Credits should be correctly issued for increase in sequestration also. Forestry is essential because fundamental sequestration is being performed by forests (Norman, 2023). However, the problem is that credits are issued not only for afforestation, but also for stopping deforestation (Greenfield, 2023). As an alternative to forestry, direct air capture (DAC) is in business (Twidale et al., 2023). However, from a technical point of view, unlike its name, it indirectly captures carbon after released into the air. Therefore, DAC should confront low efficiency, hence strong skepticism (Shelton-Thomas and DiFelice, 2023). Nonetheless, in this work, it is assumed that carbon credit is equivalent to decrease in net emissions.
Proposed Method
A model is proposed in order to simulate emissions trading that affects carbon cycle as shown in Fig. 1. The emitter represents the entire group of carbon positive industries, and the absorber represents the entire group of carbon negative industries. Therefore, the emitter should reduce emissions and/or buy credits from the absorber in order to satisfy the requirements from the government. For more simplicity, it is assumed that the government buys all surplus credits at market price, i.e., . Then, the emitter’s behavior for a given period can be modeled as a mathematical program, which minimizes the total expenses minus the final value of retained carbon credit. The proposed formulation is as follows:
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Figure 1. Carbon (solid) and credit (dashed) flow model.
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where
 average cost for reduction of emissions in the -th year
 average price of carbon credit in the -th year
 amount of emission in the -th year
 amount of absorption in the -th year
 carbon credit supplied by the government in the -th year
 carbon credit sold by the absorber in the -th year
 carbon credit allotted to the emitter for the -th year
 carbon credit bought by the emitter in the -th year
 carbon credit sold by the emitter in the -th year
[bookmark: _Hlk144270311][bookmark: _Hlk144265668]The proposed optimization problem is a nonconvex nonlinear program, because ’s are unknowns, while ’s, , and  are constants. All variables and parameters are nonnegative, and can be normalized so that  can be used. For maximum simplicity, it is assumed in this work that the emitter buys the absorber’s credit, and the government buys the emitter’s credit, i.e.,  in (4). Equation (5) represents a carbon price model which is obtained from the assumption that the reference price is equivalent to the cost of reduction, and the change factor is proportional to the industrial demand, , and inversely proportional to the governmental supply, , i.e., , where  is a manipulated variable for the government to control the market price, which is omitted in this work, i.e., . Net emissions can be calculated by .
Case Study
Consider a governmental plan for reduction of emissions by 30% in 5 years. The allowances are to be reduced by 7% every year. The cost of carbon capture is assumed to be constant so that  can be used. The suggested parameter values are listed in Table 1. Case 1 is designed to use reduction only, and case 2 to use offset only. Case 3 uses both. In cases 1–3, carryover is unlimited. In case 4, it is assumed that carryover is limited to the same amount as sales. In case 5, carryover is not allowed. The proposed mathematical program is solved by MATLAB’s fmincon. For numerical stability, 10−8 is used for 0, and 108 for ∞ as parameter values in Table 1.
Table 1. Parameters for case study
	Case
	
	
	
	

	1
	0.93
	0.90
	0
	∞

	2
	0.93
	1
	0.10
	∞

	3
	0.93
	0.95
	0.05
	∞

	4
	0.93
	0.95
	0.05
	

	5
	0.93
	0.95
	0.05
	0



The results of simulation are shown in Figs. 2 and 3. Case 1 indicates that excessive allowance causes decrease in the carbon price, and ends up failing to achieve target reduction of emissions. Case 2 indicates that deficient reduction causes rapid increase in the carbon price. Cases 1–3 indicate that if carryover is unlimited, net emissions may suddenly increase at last. Case 4 shows the best performance, which suggests that it is necessary to properly limit carryovers in order to ultimately minimize net emissions. Case 5 indicates that it is not desirable to completely prohibit carryovers.
Conclusions
Case study indicates that the effectiveness of ETS depends on governmental policies and industrial capabilities. Excessive allowances would worsen the carbon cycle, and deficient allowances would threaten the industrial economy. Unlimited carryovers would endanger carbon neutrality, and extreme limitation might delay its achievement. These issues also need optimization, and extension of the proposed method is suggested as future work.
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Figure 2. Predicted carbon price and net emissions for reduction and/or offset cases.
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Figure 3. Predicted carbon price and net emissions for different carryover rules.
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