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Abstract
Polyhydroxyalkanoates (PHAs) are biodegradable polymers produced by many microorganisms under growth-limited conditions. Two well-known PHAs are the homopolymer poly(3-hydroxybutyrate) (PHB) and the copolymer poly(3-hydroxybutyrate-co-3-hydroxyvalerate) (PHBV). Both can be produced by Cupriavidus necator when grown on specific carbon sources. PHB’s rigidity and brittleness limit its application, e.g. in packaging materials or medical drug capsules. Incorporating hydroxyvalerate (HV) into the polymer enhances the flexibility while decreasing the melting point, with these effects becoming more pronounced at higher ratios of HV. Optimising the production is challenging due to an absence of online state measurements. Metabolic models are available to predict the concentration of HB and HV using the outlet CO2 fraction. This measurement can be affected by changes in the inlet CO2 fraction as well as the inlet gas flow rate. The metabolic model is extended to address this concern. A Gaussian Process (GP) regression model is developed to predict the outlet CO2 fraction based on the process inputs. The GP model is integrated into the metabolic model to form a hybrid model that allows for open-loop optimisation to obtain an optimal process input trajectory that maximises the conversion yield and the molar fraction of HV in PHBV.
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Introduction
The importance of biopolymers is increasing due to their favourable properties, especially biodegradability. Poly(3-hydroxybutyrate-co-3-hydroxyvalerate) (PHBV) is considered for various applications due to its flexibility and lower melting point coming from the combination of 3-hydroxybutyrate (HB) and 3-hydroxyvalerate (HV). These properties make it ideal for applications in medicine (Zinn et al. 2003). Optimising PHBV production in view of substrate conversion and product yield is crucial to enhance its economic competitiveness (Duvigneau et al. 2021a).
Duvigneau et al. (2023) developed a metabolic model utilising the outlet CO2 fraction measurement which correlates to the metabolic activity of the cell. Changes in the gas feed, such as CO2 content or gas flow rate, can affect this measurement. This concern is addressed by reformulating the correlation to the CO2 generated by the organism, using the CO2 fractions in the inlet and outlet as well as the gas flow rate. An inference model, based on the available process measurements and inputs, is required to estimate the outlet CO2 fractions for optimisation purposes.
Gaussian Process (GP) regression models excel in delivering accurate estimates even with limited data, providing a smooth function that is differentiable (Rasmussen and Williams 2005). Generating experimental data can be time consuming and costly, making GP’s an ideal starting model choice. Two independent reactor experiments were performed based on different gas flow rate and agitation speed profiles. A hybrid model consisting of the metabolic model and the GP model, capable of predicting the outlet CO2 fraction, is used in an open-loop optimisation. An optimal input profile is obtained to increase the substrates conversion yield and increasing the molar fraction of HV in PHBV.
Materials and Methods
Cultivation Conditions
Two distinct reactor experiments were utilised in this work, referred to as Ex1 and Ex2. All experiments were performed using the DASGIP parallel bioreactor system with Cupriavidus necator (H16, DSM 428) obtained from DSMZ GmbH Braunschweig. The cultivation conditions for the preculture are described in Duvigneau et al. (2021a). The reactor was controlled using the standard DASware PI controllers as illustrated in Figure 1. The states include the concentrations of fructose (), propionic acid (), ammonium chloride NH4Cl (), residual biomass (), HB (), and HV (). The considered controlled inputs are the gas flow rate in () and the agitation speed (). The CO2 fractions () are available online measurements. The inlet CO2 fraction was kept constant. The pH was controlled (pHC) at 6.8 using 20 g/L propionic acid () and 2 M sodium hydroxide (). Temperature was controlled (TIC) at 30 °C. Ramped setpoint profiles for  and  were used in Ex1 with a run time of 33 hours, as shown in Figure 2. Ex2 had a run time of 14 hours and followed the input profile up to this point.
Analytics
Propionic acid and NH4Cl concentrations of Ex1 and Ex2 were analysed as described in Duvigneau et al. (2021a). The fructose concentrations were measured using an Agilent 1260 high-performance liquid chromatography (HPLC). After preparation of the supernatant, 10 µL was loaded on an RHM monosaccharide column (Phenomenex, USA) at 80 °C and eluted isocratically with 0.6 mL/min deionised water. The sugar was detected with a refractive index detector (Agilent, Germany) at 60 °C. The determination of the HB and HV components of the PHA was performed as given in Duvigneau et al. (2021b). The biomass concentrations were determined gravimetrically.
Mathematical Models
The modelling and simulation were done in Python 3.8 using HILO-MPC and CasADi developed by Pohlodek et al. (2022) and Andersson et al. (2019), respectively.
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[bookmark: _Ref151676101]Figure 1: Bioreactor Setup
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[bookmark: _Ref151676196]Figure 2: Input Profile



Metabolic Model
The dynamics of the system can be generalised to:
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Here,  represents the states of the system,  represents the inputs to the system, and  represents the parameters in the ordinary differential equations . The full description of the metabolic model can be found in Duvigneau et al. (2023). Eq. (2) expresses the metabolic activity coefficient, , as presented in Duvigneau et al. (2023). This coefficient is extended in this study to describe the CO2 generated by the organism, as presented in Eq. (3), using a mass balance, under the assumptions of negligible CO2 absorption, constant temperature, and pressure.
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Parameter identification is required to update the rate constant values, , present in the metabolic model. A weighted least squares optimisation was performed using the root mean square error (RMSE), weighted with the mean standard deviation of the measurements, , to account for measurement noise, as presented in Eq. (4). The predicted values, , are obtained by solving the system in Eq. (1) using a 4th order Runge-Kutta integration method and the IPOPT solver. The inputs are obtained from the experimental data, .
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Gaussian Process
Gaussian processes (GPs) use observations to determine a probability distribution over functions, following a normal distribution. This characteristic enables GPs to model complex relationships even with limited data. The observations are assumed to contain additive independent identically distributed Gaussian noise with variance . Based on Rasmussen and Williams (2005), the GP model procedure is given as follows:
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Here  and  represents the labels and features respectively, while                  and  represents the mean function and covariance function, also referred to as the kernel function. The squared exponential kernel is parameterised by the signal variance  and the length-scale . The relevance of a feature can be described by its individual length-scale parameter using the automatic relevance determination (ARD) form of the kernel, where . Large  values indicate a near independency of the covariance. These hyperparameters, , are optimised by maximising the log-marginal likelihood objective function using the set of labels  and the covariance matrix .
Open-loop Optimisation
A hybrid model is formed by integrating of the GP model into the metabolic model. This hybrid model can be used to determine the process inputs that maximise the objective function over the specified horizon. This is achieved by solving an open-loop optimal control problem within a hybrid model framework, as illustrated in Eq. (6) (Morabito et al. 2021). The hybrid model uses the mean function, , of the GP model to estimate the outlet CO2 fraction  at time .
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Results
[bookmark: _Ref152233178]Parameter Identification Results
Both experimental data sets were used to identify the kinetic rate parameters. The performance is summarised in Table 1 based on the coefficient of determination (R2), the normalised root mean square error (NRMSE), and the Spearman’s rho ( correlation coefficient. The model exhibits a good fit on the experimental data as indicated by the R2 and  values approaching unity. However, challenges arise in accurately capturing the residual biomass concentrations, possibly attributed to high measurement errors or unmodelled phenomenon. The HV production in Ex2 is low, possibly due to the limited experimental time, leading to a suboptimal fit. Negative R2 values indicate that the model does not account for the variability in the data, which is also indicated by the higher NRMSE values for the residual biomass and HV. Close-to-one  values suggest strong prediction correlations, indicating that the model effectively captures the monotonic relationship for most of the states, requiring only minor model corrections.
[bookmark: _Ref151747196]GP Modelling Results
Training, validation, and test sets were generated by randomly shuffling and splitting the experimental data into a ratio of 80:10:10. Possible feature candidates included all the states, inputs, and the outlet CO2 fraction measurement, at the current and past time steps. The length-scales for each feature, obtained from the ARD kernel, and  values were used during feature selection to discard features that were considered irrelevant. The final feature set consisted out of : the outlet CO2 fraction, gas flow rate, and agitation speed at time  as well as the NH4Cl concentration at . NH4Cl is essential for growth and serves as a limiting substrate in these experiments. Including it in the model incorporates information on the bacteria’s growth state, while the outlet CO2 fraction provides insight into its production state.
The simulation results of the hybrid model are summarised in Table 2, with Figure 3 illustrating the predictions specific to Ex1. While the hybrid model provided adequate predictions for most of the states, it struggled to capture the dynamics of the residual biomass in Ex1 and the HV concentrations in Ex2, as discussed in section 3.1. A comparable performance is observed between Table 1 and Table 2, with differences attributed to the random shuffling and splitting of the training data.
[bookmark: _Ref152021291]Table 1: Parameter Identification Result Summary with k values: k1: , k2: , k3: , k4: , k5: 4, k6: , k7: 4, k8: 
	States
	Ex1
	Ex2

	
	R2
	NRMSE
	
	R2
	NRMSE
	

	Fructose ()
	1.00
	0.02
	1.00
	0.95
	0.08
	0.99

	Propionic acid ()
	0.88
	0.10
	0.96
	0.89
	0.13
	0.97

	NH4Cl ()
	0.97
	0.06
	0.99
	0.94
	0.09
	0.98

	Biomass ()
	-0.18
	0.25
	0.71
	0.66
	0.18
	0.97

	HB ()
	0.99
	0.04
	1.00
	0.94
	0.08
	0.99

	HV ()
	0.96
	0.06
	0.99
	-0.93
	0.49
	0.84


[bookmark: _Ref151750750]Table 2: Hybrid Model Simulation Result Summary
	States
	Ex1
	Ex2

	
	R2
	NRMSE
	
	R2
	NRMSE
	

	Fructose ()
	0.88
	0.12
	1.00
	0.50
	0.24
	1.00

	Propionic acid ()
	0.82
	0.13
	0.73
	0.71
	0.22
	0.89

	NH4Cl ()
	0.79
	0.17
	0.93
	0.52
	0.25
	0.95

	Biomass ()
	0.18
	0.20
	0.76
	0.80
	0.13
	0.96

	HB ()
	0.88
	0.12
	1.00
	-0.67
	0.41
	0.89

	HV ()
	0.86
	0.10
	0.86
	0.09
	0.35
	0.70


Optimisation Results
The initial conditions of Ex1 were employed in the open-loop optimisation to obtain optimal process inputs that maximises the substrates-to-PHBV conversion yield and the molar ratio of HV in PHBV. Identical propionic acid and NaOH feed profiles were used, assuming that it will be sufficient to maintain the reactor pH.
The optimisation results in Figure 3 indicate an optimal process input profile, starting with a higher initial gas flow rate and maintaining a near constant agitation rate, resulting in a lower initial outlet CO2 fraction. The constant agitation profile indicates its limited impact on the production as it mainly contributes to reactor homogeneity. Under this optimal input profile, an increase in the molar fraction of HV in the total polymer from 11 % to 14 % is achieved. A compositional change of the polymer to this extent can lead to a reduction of 15 °C in the melting and 0.5 °C glass transition temperature, as reported by Zinn et al. (2003). This comes with a predicted reduction in the total PHBV molar concentration of 9 %.
Conclusions and Recommendations
A hybrid model, using a metabolic model and a GP regression model predicting the outlet CO2 fraction based on process inputs, was developed. This hybrid model accurately predicted the dynamics of most states. An open-loop optimisation indicated a potential increase of 15 % in HV concentration with a slight decrease in total PHBV. Further investigation and improvement of the metabolic model is recommended, especially for the residual biomass and HV dynamics. The optimal input profiles obtained from open‑loop optimisations provide a foundation for designing additional experiments that can improve and validate the hybrid model. The accurately of the model is important for implementing advanced model-based control methods, such as model predictive control (MPC). MPC enables online control and closed-loop optimisation, holding the potential to significantly enhance the economic competitiveness of the PHBV production process.
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[bookmark: _Ref151751881]Figure 3: Ex1 Experimental Data, Hybrid Model Simulation, and Optimisation Results
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