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Highlights
· Vertical slug flow in stagnant and flowing liquids. 
· Semi-analytical methods for slug bubble shape determination.
· Effect of inertia, surface tensions, and viscosity on bubble shape and velocity.

1. Introduction
Co-current vertical slug flow is present in numerous fields of applications, among which the transportation of hydrocarbons into pipelines, the promotion of mixing in reactors, the filtration through membranes, or emergency cooling of nuclear reactors are some practical examples. Simplified mechanistic models together with adequate closure laws seem to model satisfactorily vertical slug flow for most industrial purposes. Hence, a prolific number of closure relations have been developed on the terminal slug bubble velocity or the slug void fraction, but few focused on the characterization and the prediction of the slug bubble shape. However, terminal velocity and the shape of the nose are intimately linked, and most closure relations can benefit a better characterization of the slug bubble shape. Semi-analytical (the final analytical set of equations is solved numerically) methods have been reviewed and predictive slug bubble shapes have been computed with respect to flowing liquid velocities and surface tensions. Extended methods to include viscous forces into the predictions have also been studied.
2. Results and discussion
Dumitrescu [5] was one of the first to derive the slug bubble shape and velocity using a couple resolution of the Stokes stream function  given by potential flow theory and Bernoulli’s equation on the bubble surface. He concluded with an impressive accuracy that the square of the rising velocity  of an elongated bubble in a stagnant liquid with negligible surface tension was proportional to the acceleration due to gravity  and the pipe diameter , leading to a Froude number .
Ever since, his methodology was extensively used ([4], [9], [3], [1], and [8]) on problems with increasing complexity, taking for instance into account the effects of a flowing liquid ([9], [3], [1], and [8]) and turbulent velocity profiles ([3], and [1]) in terms of Reynolds number, and the effects of surface tension ([9], [1], and [8]) in terms of Eötvös number. These works can be grouped in two resolution methods: the Power Series resolution (PSR) used in [1], [4], [5] and [9], and the Total Derivative method (TDM) used by [3] and [8]. It is also worth mentioning that more recently the viscous potential flow theory was used in [7] and [6] in order to determine the shape and the velocity of a deformable spherical cap and an ovary ellipsoid respectively. The bubble shape for an air bubble in stagnant water was computed on Fig. 1 using the PSR solution. This result can be extended to different values of surface tensions as shown in Fig. 2 where the resulting velocity is compared to experimental data for different methods of resolution. Figure 2. Dimensionless slug bubble velocity in function of surface tensions. Comparison to experimental data.

Figure 1. Computed bubble shape and velocity field around it in the moving frame coordinate system.

3. Conclusions and perspectives
The slug bubble shape can be computed using semi-analytical methods and the resulting rising velocity seems to be in agreement with experimental data for small values of surface tensions. For smaller tube diameters, the curvature of the bubble surface and the increasing importance of the liquid film (viscous zone) is in contradiction with potential flow hypothesis and require a specific theory of the kind of Bretherton’s [2] in order to accurately predict the film thickness of the developed zone. A new resolution method can thus be found considering both potential flow at the vicinity of the bubble nose and the effects of the draining film at a binding distance  of the bubble tip depending on the properties of the system.
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