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Sedimentation is important in many processes for example in cement, chemical and food industries.
Investigation of the sedimentation process of solid bodies showed a phenomenon as settling velocity is not the
constant value as it is expected from the analytical deduction; rather it has fluctuating behaviour. Seeking an
explanation, detailed two-phase hydrodynamic models are developed. In the present work, two-dimensional
incompressible flow equation in conservative Euler form is solved numerically on PC by an implicit finite
difference method, and the fluid-solid interaction is described by the Immersed Boundary Method. For additional
model validation, Particle Tracing module of COMSOL is applied as well. The self-developed simulator based
on an a priori (white box) model, and the 3D model by the commercial CFD software is used for modelling the
two-phase system and the particle motion in the fluid column. Settling velocity is calculated and compared to
the velocity of a particle recorded by a high-speed camera measurement system in the laboratory-scale
sedimentation equipment. The results are promising, and after improvements, the simulator can be a useful tool
in supporting energetically optimal industrial design and operation.

1. Introduction
Sedimentation is the name of the phenomena that particles of larger density than the density of the fluid settle
down. The settling process is used in many fields of industry and science such as in geology (Van Santen et al.,
2007), wastewater treatment (Ochowiak et al., 2017) and various areas of chemical engineering. Sedimentation
can be a method of separating, and thus a part of producing processes. A separator device usually makes
enhanced sedimentation by multiplying the gravity force by spinning. Solid particles with greater density than
the density of the fluid in still liquid also show settling behaviour due to natural gravity. This motion is caused by
the sum of forces acting on the system. Gravity acts in a positive direction, while buoyancy and drag forces act
as counterforces. Describing the falling sphere is often divided into two regimes according to Reynolds number.
Stokes law is valid where Re<<1, and Newton’s drag works for larger Re number flows. There are multiple
equations in the literature for calculating the mean velocity, i.e. hindered settling (Kondrat’ev and Naumova,
2007), Richardson-Zaki velocity (Richardson and Zaki, 1997), Batchelor’s formula (Batchelor, 1972), however,
microscale velocity is determined by hydrodynamics.
Beside numerous theoretical and empirical studies, computer-aided estimations are getting more and more
often used since numerical methods, and computers which can evaluate those calculations are developed.
Ready to use software modules are comfortable, but in most cases, it is hard to modify. Create an own simulator
for the given problem can be more adjustable and gives more control over the implementation and solving
methods. Building up an a priori (white box) model besides finding and implementing the best method for the
numerical solution is a challenging and interesting task for a researcher. In the following paragraphs the most
common two-phase modelling approaches are introduced briefly.
Two-fluid method (TFM) or Euler-Euler method treats both phases as a fluid even when one of them consists of
solid particles. Two sets of momentum equations should be calculated with the addition of a volume fraction
term and an interaction term to both sets of equations. Earlier (Noetinger, 1989) and recent (Patel et al., 2017)
works are published by using TFM for modelling the sedimentation of a solid-liquid suspension. The method is
capable of simulating a gasifier too (Tran et al., 2018), where the two phases are solid and gas. Use of TFM
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results in a less detailed solution, but calculations can be performed with lesser computation cost and can give
us overall insight about the operation of the devices. CFD software offer opportunities to handle immiscible
phases too, however calculating flow properties of solid-fluid two-phase flow, these tools are usually limited.
The most common disperse methods root in the Euler-Euler method. TFM solutions could be applied to simulate
the movement of a crowd of particles in a fluid. Thus its advantage the neglect of the shape of the particles, so
for example eggshell particles can be modelled as well as perfect spheres (Jurena et al., 2017). Discrete element
method (DEM) is a modelling approach which results in detailed information about each element of the solid
phase. It computes the particle-particle and particle-wall collision, and the movement is calculated by the sum
of contact forces emerge on the particle. (Zhu et al., 2007) This approach gives detailed information about the
solid phase, but it needs large computational capacity. Simulation of two-phase flow and calculation of the
motion of solid particles by DEM can also be performed by CFD software packages using user-defined functions.
CFD-DEM coupling was carried out to simulate particle flow in many research fields such as crystallisation
(Kerst et al., 2017) and fluidisation (Zhang et al., 2015). Both TFM and DEM methods use approximately one
order of magnitude larger mesh than the size of a typical particle of the solid phase.
Direct numerical simulation (DNS) techniques are another branch of two-phase flow modelling approaches.
These use one order of magnitude smaller mesh to calculate the flow field and the replacement of the solid
particles. Two main subtypes of this method are the one which uses body-fitted mesh, and the other which use
regular Cartesian time-independent mesh. By use of body-fitted mesh, the particles occur as a boundary or wall,
while by the use of one of the methods of the other subtype, a so-called immersed boundary takes place where
the particle occurs only virtually without a physical boundary. This makes the method computationally
acceptable, while we have to face other kinds of challenges by using immersed boundary-type methods, for
example how to define the connection between the node points of the fluid and the solid (Ghosh and Stockie,
2015). Immersed Boundary Method (IBM) belongs to the second subtype of DNS which uses the regular steady
Cartesian grid. The method was first introduced for describing blood flow in the heart where valves acted as a
moving boundary (Peskin, 1972), structured calculation mesh can be applied, and the inner boundaries (e.g.,
particles) can be virtually defined using body forces and extra force term added to the momentum equation.
Structured (or uniform, Cartesian) mesh is often called Eulerian grid while the node points of the immersed
boundary referred to as Lagrangian points. These two coordinate systems are independent, but an interpolating
function gives the relation between locations and flow variables.
All these methods are called Computational Fluid Dynamics (CFD) techniques which are quickly spreading tools
to calculate and simulate flow fields and flow related problems. Nowadays there are numerous available
commercial and open-source CFD software, which offer approaches to handle two-phase flows. Level Set and
Phase Field methods are applicable mainly for the fluid-fluid system to track the interface between the two
immiscible fluids. Moving mesh is a body-fitted DNS technique, hence its computational cost is high. Particle
Tracing is a module of COMSOL Multiphysics, which calculates the trajectory of the particles with given
properties according to the previously calculated momentum balance (flow-based particle tracing). The latter
method seems proper to use to model the motion of a single solid bead in a Newtonian fluid.
By modelling a solid-liquid settling system, a constant terminal velocity is expected according to rough physics,
however, in real systems perturbation around this settling velocity is observed. Measurements show that the
settling velocity of the falling body fluctuates in both direction and magnitude. Our system consists of 18 °C
water in a 0.1 m diameter, 1 m high cylinder, and a 5.9 mm diameter nylon sphere. The measured terminal
velocity of the bead (143 mm/s) is in agreement with the analytical solution for high Reynolds number flows; the
prevailing particle Reynolds number was around 840. In the present study use of a 2D model is chosen as a
good and computationally feasible approximation of the real 3D system of a settling cylinder with a single
spherical bead. The model is calculated by a numerical solution of the incompressible, isotherm, inviscid flow
equations (continuity equation and momentum equations) by a central finite difference method. The proper
pressure field and the correct velocity field is calculated by using a pressure correction method based on
Patankar’s SIMPLE algorithm (Patankar, 1980), and fluid-structure interaction is handled by the Immersed
Boundary method. Another modelling approach is studied as well, where the geometry is defined in 3D, and the
model is solved by the Particle Tracing module of COMSOL Multiphysics. Calculations are performed on a Dell
Optiplex 790 PC with 16 GB memory. The results are compared to measurement data to validate the model.
Once we have a proper model, it can be used to different other materials, moreover other solid-liquid problems
according to interest.

2. Materials and methods
2.1 Experimental setup and video processing
A laboratory-scale (diameter 0.1 m and height 1 m) settling cylinder is given for experimental validation
(Figure 1a). The tube has a lid with a particle-size hole in the centre to help by the possible most accurate
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releasing. The column is filled with water, and the whole equipment is placed in an approximately 18 °C
(291.15 K) room. The spherical particles are from 1,114 kg/m3 density nylon plastic, 5.9 mm in diameter and
weight of 0.12 g. The bead is produced by plastic injection technique, which may cause tiny spikes by the
junction of the two hemispheres.

Figure 1: a) The laboratory-scale cylinder for sedimentation, b) Trajectory of the bead in water (horizontal scale
magnified compared to vertical scale) Position is recorded by the camera in every 33.33 ms
The movement of the particle was capture, and we gained the position data in two dimensions (Figure 1b) by
data processing. The oscillating behaviour is well observable, although note that the scale strongly differs. By
repeated experiments the bead runs different trajectory, but the oscillating vertical velocity is observable in all
measured cases. The video is recorded in a 40 cm section of the cylinder, where the vertical velocity has already
achieved the settling velocity, and the bottom effect is still negligible.
2.2 Modelling approach
Since liquids are incompressible and we suppose in the current case that the system is isotherm, the governing
equations consist of the incompressible continuity equation and momentum equations in x and z directions. We
use them in conservative form for convenience. As the flow is driven by a pressure gradient, proper calculation
of the pressure field is necessary, and thus we can get the right velocity field which fulfils the continuity equation.
One widely used method for this task is the iterative SIMPLE algorithm (Patankar, 1980).
Particle Tracing of COMSOL Multiphysics is a quasi-two-phase modelling approach. A single spherical particle
with given properties (density and diameter) can be introduced to the liquid column at the top boundary, and the
bottom can be defined as the outlet. Gravity and drag forces are calculated according to physics, and an
additional adjustable force can be added to balance the forces and gain a terminal velocity.
Flow equations
In this study, Eq(1) - Eq(2b) are discretised by a semi-implicit method called SIMPLE for gaining a numerical
solution of the flow field in two dimensions.
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where u and v are velocity in x and z-direction, x and z are space directions, ρ is density, t is time, p is pressure.
These unsteady partial differential equations exhibit a mixed elliptic-parabolic behaviour. At the vertical walls, a
no-slip condition is applied. Inflow velocity is 0 m/s, as only the motion of the particle forces the liquid to move.
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Fluid-solid interaction
Coupling between liquid-solid two-phase flows is modelled by the Immersed Boundary Method. This method
requires the introduction of an extra force into the momentum equation to modify the fluid flow by the solid body
surface Eq(3a) and Eq(3b).
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where A is the stencil to switch the effect of the force, Fx and Fz are the extra forces in x and z-direction
respectively.
The applied forcing scheme that is used to calculate the body force follows the direct forcing method as
described in (Fadlun et al., 2000). The main idea of this method is to set the value and direction of F to balance
momentum at those grid points where the solid immersed object takes place (Eq(4a) and Eq(4b)). The A stencil
matrix has the size of the Eulerian node points and contains ones and zeros according to the presence or
absence of the particle. In the present case, stepwise interpretation of the particle is introduced to A. However
it will be smoothened by using a distance-based weight function to follow the circular shape more accurately.
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where u0 and v0 are the velocity components in the previous time step.
The three-dimensional COMSOL model by Particle Tracing calculates by the fluid-solid interaction (included
viscosity) too, however in a hidden way. It uses both user-defined and automatically calculated forces to act on
the particle. An extra force is set according to reach the measured velocity and is introduced as a manually fitted
parameter by identification.

3. Results and discussion
According to the measurement of the mean velocity of the falling bead, the Reynolds number of the flow is
around 844, see Eq(6). Stokes’ drag does not fit to the case, rather Newton’s drag.
𝑅𝑒 =

𝜌𝑣𝐿
𝜇

(6)

where ρ is the density of the fluid (998 kg/m3), v is the measured settling velocity (143 mm/s), L is the
characteristic length (diameter of the bead, 5.9 mm), μ is the dynamic viscosity of the fluid (10-3 Pa s).
Newton’s second law of motion with Newton’s drag force Eq(7) gives analytically a similar velocity value for
settling.
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where cD is the drag coefficient, which is close to 0.44 for spheres (at high Reynolds numbers).
Settling velocity calculated analytically is 141 mm/s which is in good agreement with the measured 143 mm/s
velocity value.
The model using the Immersed Boundary Method is calculated in a reduced 2D computational domain (in a
narrower and shorter cylinder), but the main characteristics are gained. In Figure 2a and 2b the horizontal (x)
component of the fluid velocity is shown in the first and the last computed time-step. While the sphere falls, the
fluid goes away and fills the place again, where the particle has already gone. Direct forcing does not let the
fluid flow into the solid phase, so fluid velocity is not calculated inside the virtual boundary, however the bead’s
velocity is depicted (Figure 2a - 2d), because that is defended by the direct forcing. The vertical velocity pattern
shows increasing values by the particle according to our expectation because of the narrowed diameter caused
by the bead (Figure 2d).
The other part of the coupling is the fluid phase’s effect on the solid phase. The drag force is calculated from
the pressure field of the fluid around the circle. Running the code for 20,000 time-steps with dt = 2.5·10-5 s, the
terminal velocity is reached (Figure 2e).
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Figure 2: x (horizontal) component of the fluid velocity changes to pass by the particle at the first time-step (a)
and the last computed time-step (b). z (vertical) component of the fluid velocity at the first time-step (c) is still,
but at the last computed time-step (d) it increases as the diameter narrows where the particle takes place. After
approximately 14,000 time-steps, the terminal velocity has reached (e).
Our Particle Tracing based 3D CFD model resulted in six different settling velocities according to the extra
counterforce. The value of the added force is identified to 8.28·10-5 N to balance the other forces and give the
required settling velocity (Figure 3).

Figure 3: a) Position of the particle in time, in case of different strength of the drag force, b) 8.28·10-5 N force
would result in the settling velocity as measured (1.43·10-1 m/s)
The results gained by the models are summarised in Table 1, which also helps to compare with the measured
values. The IBM model is under development, but it gained an already proximate settling velocity, while the
Particle Tracing model uses a fitted force parameter (making it some kind of grey box model), so we got right
the expected value. Including the fluid’s effect onto the force calculating is a further step which can whiten the
scheme.
Table 1: Comparing the terminal velocities of the models and the experimental data
Method
IBM modelling
Particle Tracing
Video-based measurement

Dimensionality
2D
3D
3D

Computational time
2h
21 h
-

Settling velocity
0.15 m/s
0.143 m/s
0.143 m/s

Error
5%
0%

4. Conclusions
Modelling the settling of a single solid bead in a Newtonian fluid is an important and challenging task. In this
study, two modelling approaches are implemented, and the results are discussed. Particle Tracing is a built-in
module of COMSOL Multiphysics, and it offers small editing. Achievement of the current study is that drag force
is fitted according to material properties. One of the advantages of using commercial CFD software is the

180

containment of the viscosity to the modelling equations, while in our self-developed simulator it has not been
implemented yet. Small perturbations and transient phenomena can already be examined by the model based
on the Immersed Boundary Method, which gives a big added value to it, compared to empirical equations and
simpler models to determine the terminal settling velocity. Mesh independence study would be a good extension
to the current results, and it is among the near future plans. The simulator should be computationally more
economic to make it able to calulate on larger computational domain. The accurately detailed model will help
answer design and operational questions. Chemical and food industrial processes can be more plannable by
understanding the exact processes during settling and the emission can be reduced, and energetically more
efficient, greener technologies can be designed.
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