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Liquid-solid flows, in both heterogeneous and saltation regimes, are critical in the transport of suspended solid 
particles in pipelines prone to particles settling and accumulating on the bottom of the pipe, eventually 
blocking the flow and risking flow assurance. Numerical simulation of a statistically developed and steady two-
phase liquid-solid flow in a horizontal pipe is performed by solving Reynolds-Averaged Navier-Stokes (RANS) 
equations within an Eulerian-Eulerian framework to predict the complex interaction among particles and 
between particles and their transporting fluid and surrounding walls. Particles are treated as a secondary fluid 
phase with viscosity determined using the Granular Kinetic Theory (GKT), including its three potential 
contributions, i.e., frictional, collisional and kinetic interactions. A case study for a horizontal pipe flow with 
mono-disperse and bi-disperse liquid-particle mixtures, at different flow velocities and particle-bulk 
concentration, is presented. Particles concentration for statistically steady heterogeneous and saltation 
regimes without a fixed bed are presented. Governing equations for each phase are solved numerically using 
ANSYS-Fluent platform which is based on the finite volume method to integrate the equations about each 
control volume and turning the problem into a system of algebraic equations. A second-order spatial 
discretization is implemented across the model. Bulk concentrations of solid particles in water were 
considered in percentage of 10% and 20%. Solid particles of 0.125mm and 0.440mm in diameter were used in 
the study, while bulk velocities of 1m/s, 2m/s and 3m/s were prescribed. 

1. Introduction 

Transportation of slurries through a pipeline is common in many industrial applications. In most cases, slurry 
pipelines are more energy efficient, with lower operating and maintenance costs, than any other bulk material 
handling methods (Ekambara et al., 2009). 
The analysis of slurry flows in pipelines entails the consideration of a large number of variables: pipeline 
orientation, cross-section geometry, wall roughness, particle size, particle-bulk distribution, particle density, 
particle shape, fluid density, fluid velocity, fluid rheology and properties of the fluid-particle interface. 
Due to the wide range of possible scenarios, many studies aim to evaluate restricted range of conditions (Hu, 
2006) or to scale down field situations. Experimental results are limited to be used in the understanding of 
similar cases to those explored in the laboratory due to the difficulty of generating theoretical models that 
consider all variables and flow regimes. Thus, Computational Fluid Dynamics (CFD) has emerged as a useful 
and powerful tool, which coupled with benchmark experimental results, permits prediction of unknown or 
particular slurry flow scenarios. For example, CFD Eulerian-Eulerian models have been used with significant 
success (Hernandez et al., 2008; Ekambara et al., 2009; Kaushal et al., 2012) in modelling two-phase liquid-
particle flows considering both phases as fully interpenetrating continua and the solid-phase viscosity 
determined using Granular Kinetic Theory (GKT). 
The GKT is based on the kinetic theory of gases in a generalized manner to take into account inelastic particle 
collisions to define a solid-phase granular temperature that affects directly the phase stress tensor. Tuning up 
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the model requires especial attention to aspects such as: boundary conditions, interphase momentum transfer 
relationships, coefficients of restitution and the radial distribution function. 
In this study, the full three-dimensional Reynolds Averaged Navier-Stokes (RANS) equations in Eulerian–

Eulerian framework are used to model the flow of a mixture of sand and water in statistically steady 
heterogeneous and saltation regimes without a fixed bed. Turbulence was modelled through the standard k–ε 
differential equations coupled to the RANS. Additionally, the solid phase is modelled in the Eulerian framework 
as an interpenetrating fluid with viscosity determined by GKT as in previous works (e.g., Hernandez et al., 
2008; Ekambara et al., 2009; Kaushal et al., 2012). Concentration and velocity particle profiles are compared 
with experimental data from Kaushal et al. (2005). 

1.1 Background on experimental studies  

Durand and Condolios (1952) were the first in classify slurry flows considering settling/non-settling slurries in 
horizontal pipes based on average particle size. Newitt et al. (1955), Thomas (1964) and other authors 
modified the original classification of Durand and Condolios, describing four flow regimes: homogeneous flow, 
heterogeneous flow, saltation flow and stationary bed flow as a function of mean velocity flow, particle 
diameter and bulk volumetric fraction. 
Chemloul et al. (2009) and Polansky (2014) through different experimental procedures and devices such as 
Pulsed Ultrasonic Doppler Velocimetry PUDV and Electrical Resistance Tomography (ERT), measured 
simultaneously the local velocity and the local concentration in a solid-liquid suspension flowing through a 
horizontal pipe and confirmed that the cross-section solids distribution responds to the slip velocity, particle 
properties, flow velocity and bulk concentration. 
Wasp et al. (1979), Wilson and Pugh (1988) and Gillies and Shook (2000) derived a correlation between 
pressure drop and solids density, liquid density, particle size, solids concentration, pipe  diameter, viscosity of 
flowing media and flow velocity in solid-liquid flows, but still limited to particular scenarios. 
From the literature review it was also quite clear that cross-section concentration profiles have profound effect 
on pressure drop in slurry flows. 

1.2 Background on numerical studies 

In the past, numerical simulations have been performed for slurry flows in horizontal pipe with relative success 
in predicting flow properties such as: particle concentration, slip velocity, velocity profile for each phase and 
pressure drop. Ling et al. (2003) introduced a simplified 3D Algebraic Slip Mixture (ASM) model. The key 
aspect in Ling et al.´s model is the way the slip velocity between phases is obtained. Hernandez et al. (2008), 
Ekambara et al. (2009), Kaushal et al. (2012), Kumar et al. (2015) and Ofei and Ismail (2016) developed their 
simulations focusing on Eulerian-Eulerian framework to model the flow of a mixture of sand particles and 
water in a horizontal pipe. Homogeneous and heterogeneous flow regimes were considered in their works. 
Most authors developed their simulations using k-ε turbulence model and the control volume method to solve 
the governing equations in ANSYS-CFD platform. Additionally, closure of solid-phase momentum equations 
required a description of the solid-phase stress tensor, for which constitutive relations for the solid-phase 
stress considering the inelastic nature of particle collisions based on the GKT concepts were used. 
Nevertheless, Hernandez et al. (2008), Ekambara et al. (2009) and Ofei and Ismail (2016) only considered the 
kinetic and collisional contributions of the solid-phase viscosity. Furthermore, Kaushal et al. (2012) simulated 
fine particles (0.125mm) at high concentration (50%) and Kumar et al. (2015) modelled pressure drop in a 90-
degree horizontal pipe bend with radius of 148 mm and pipe diameter of 53 mm. 

2. Mathematical modelling 

An Eulerian-Eulerian approach in which two phases are considered to be interpenetrating continua is 
implemented using ANSYS Fluent v.15.0 platform. 
The full three-component GKT model is used to compute the solid-phase granular viscosity. Particles are 
considered to be smooth, spherical and inelastic, undergoing binary collisions. The solid-phase viscosity and 
pressure are determined as a function of granular temperature at any time and position. 
The continuity equation for a generic phase q is given by following Equation:  

∇ ∙ (αqρqv⃗ q) = 0 (1) 

Multiphase momentum conservation equation for a fluid phase q is given by Eq. (2): 

∇ ∙ (αqρq𝑣 q𝑣 𝑞) = −αq∇P + ∇ ∙ 𝜏̿𝑞 + αqρq𝑔 + 𝐾𝑝𝑞(𝑣 s − 𝑣 q) + �̇�𝑠𝑞𝑣 𝑠𝑞 − �̇�𝑞𝑠𝑣 qs + (𝐹 𝑞 + F⃗ lift,q + F⃗ v𝑚,𝑞) (2) 
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where, F⃗ qis an external body force, F⃗ lift,q is a lift force, F⃗ vm,q is a virtual mass force, Kpq is an interaction force 
between phases p and q, P is the pressure shared by all phases and �̿�𝑞 is the Newtonian stress tensor for fluid 
q. Phase q represents the real fluid and phase s represents the granular fluid.  
A reciprocal momentum equation is written for granular fluid in Eq. (3): 

∇ ∙ (α𝑠ρ𝑠𝑣 s𝑣 𝑠) = −α𝑠∇P + ∇p𝑠 + ∇ ∙ 𝜏̿𝑠 + α𝑠ρ𝑠𝑔 + 𝐾𝑞𝑠(𝑣 𝑞 − 𝑣 𝑠) + �̇�𝑞𝑠𝑣 𝑞𝑠 − �̇�𝑠𝑞𝑣 𝑠𝑞 + (𝐹 𝑠 + F⃗ lift,s + F⃗ v𝑚,𝑠) (3) 

where, the solid-phase stresses �̿�𝑠 are derived by an analogy between the random particle motion arising from 
particle-particle collisions and the thermal motion of molecules in a gas, taking into account the inelasticity of 
the granular phase. The intensity of the particle velocity fluctuations determines the stresses, viscosity and 
pressure of the solid phase. The kinetic energy associated with the particle velocity fluctuations is represented 
by a granular temperature which is proportional to the mean square of the random motion of particles. 
After preliminary tests, the lift force F⃗⃗ lift,s and virtual mass force F⃗ vm,swere neglected since they gave a minor 
contribution to the solution compared to the other terms.  
The solid-phase stress tensor is given by following equation: 

𝜏̿𝑠 = αsμ𝑠(∇𝑣 s + ∇𝑣 𝑠
𝑇) + αs (𝜆𝑠 −

2

3
𝜇𝑠)∇ ∙ 𝑣 s𝐼 ̿ (4) 

where, the bulk viscosity of the solid-phase 𝜆𝑠 accounts for the resistance of the granular particles to 
compression and expansion. It has the following form according to Lun et al. (1984):  

𝜆𝑠 =
4

3
𝛼𝑠𝜌𝑠𝑑𝑠𝑔0,𝑠(1 + e)√

𝜃𝑠
𝜋

 (5) 

The fluid-solid momentum exchange coefficient uses Gidaspow et al. (1992) model as shown in Eq. (6): 

𝐾𝑞𝑠 = 150
𝛼𝑠(1 − 𝛼𝑞)𝜇𝑙

𝛼𝑞𝑑𝑠
2

+ 1.75
𝜌𝑞𝛼𝑠|𝑣 𝑠 − 𝑣 𝑞|

𝑑𝑠
 (6) 

For multiple particle diameters, the exchange coefficient solid-solid is calculated from Eq. (7) by Syamlal 
(1987): 

𝐾𝑞𝑠 =
3(1 + 𝑒𝑠1𝑠2) (

𝜋

2
+ 𝐶𝑓𝑟,𝑠1𝑠2

𝜋2

8
)𝛼𝑠1𝜌𝑠1𝛼𝑠2𝜌𝑙2(𝑑𝑠1 + 𝑑𝑠2)

2𝑔0,𝑠1𝑠2|𝑣 𝑠1 − 𝑣 𝑠2|

2𝜋(𝜌𝑠1𝑑𝑠1
3 + 𝜌𝑠2𝑑𝑠2

3 )
 (7) 

The solid-phase pressure represents normal forces caused by particle-particle interactions and captures the 
effects on kinetic term in momentum transport caused by particle velocity fluctuations and a second term due 
to particle collisions, as shown in Eq. (8): 

𝑝𝑠 = 𝛼𝑠𝜌𝑠θ𝑠 + 2𝜌𝑠(1 + 𝑒𝑠𝑠)𝛼𝑠
2𝑔0,𝑠𝑠θ𝑠 (8) 

where, 𝑔𝑜𝑠 is the radial distribution function, which represents a correction factor that modifies the probability 
of collisions between particles when the solid granular phase becomes dense. The model present in ANSYS-
Fluent modifies the equation from Ogawa et al. (1980) to determine the radial distribution for two or more solid 
phases. 
The transport equation with granular temperature derived from GKT takes the form in the Eq. (9): 

3

2
∇ ∙ (ρ𝑠α𝑠𝑣 𝑠θ𝑠) = (−p𝑠𝐼 ̿ + 𝜏̿𝑠): ∇𝑣 𝑠 + ∇ ∙ (𝑘𝜃𝑠∇θ𝑠) −

12(1 − 𝑒𝑠
2)𝑔𝑜𝑠

𝑑𝑠√𝜋
𝜌𝑠𝛼𝑠

2𝜃𝑠
3/2−3𝐾𝑙𝑠𝜃𝑠 (9) 

where, (−p𝑠𝐼 ̿ + �̿�𝑠): ∇𝑣 𝑠 is the generation of energy by the solid stress tensor. The third and last terms on the 
right-hand-side represent the rate of energy dissipation within the solid-phase due to collisions between 
particles derived by Lun et al. (1984) and the transfer of the kinetic energy of random fluctuations in particles 
to fluid phase, respectively. 
The diffusion coefficient for granular energy 𝑘𝜃𝑠 is given by Gidaspow et al. (1992) as: 

𝑘𝜃𝑠 =
150𝑑𝑠𝜌𝑠√θ𝑠𝜋

384(1 + 𝑒𝑠𝑠)𝑔0,𝑠𝑠
[1 +

6

5
𝛼𝑠𝑔0,𝑠𝑠(1 + 𝑒𝑠𝑠)]

2

+ 2𝜌𝑠𝛼𝑠
2𝑑𝑠(1 + 𝑒𝑠𝑠)𝑔0,𝑠𝑠√

θ𝑠
𝜋

 (10) 

The solid-phase stress tensor in Eq. (4) contains shear viscosity components shown in Eq. (11) arising from 
particle momentum exchange due to translation modelled by Syamlal et al. (1993) in Eq. (12) and collision 
modelled by Gidaspow et al. (1992) in Eq. (13). A frictional component of viscosity shown in Eq. (14) can also 
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be included to account for the viscous-plastic transition that occurs when particles of a solid phase reach the 
maximum solid volume fraction, as modelled by Johnson and Jackson (1987). 

𝜇𝑠 = 𝜇𝑠,𝑐𝑜𝑙 + 𝜇𝑠,𝑘𝑖𝑛 + 𝜇𝑠,𝑓𝑟 (11) 

𝜇𝑠,𝑘𝑖𝑛 =
α𝑠𝜌𝑠𝑑𝑠√θ𝑠𝜋

6(3 − 𝑒𝑠)
[1 +

2

5
(1 + 𝑒𝑠)(3𝑒𝑠 − 1)𝛼𝑠𝑔𝑜𝑠] (12) 

𝜇𝑠,𝑐𝑜𝑙 =
4

5
𝛼𝑠𝜌𝑠𝑑𝑠𝑔𝑜𝑠(1 + 𝑒𝑠) (

𝜃𝑠
𝜋
)
1/2

 (13) 

𝜇𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = 𝐹𝑟
(𝛼𝑠 − 𝛼𝑠,𝑚𝑖𝑛)

𝑛

(𝛼𝑠,𝑚𝑎𝑥 − 𝛼𝑠)
𝑝
𝑆𝑖𝑛∅ (14) 

Where ∅ is the angle of internal friction, with friction coefficient 𝐹𝑟 = 0.1𝛼𝑠, n=2 and p=5 defined by Johnson 
and Jackson (1987). 
The k-ε turbulence model offers a good compromise in terms of accuracy and robustness for general purpose 
simulations (Ofei and Ismail, 2016), using mixture properties and mixture velocities with empirical usual 
constants: 𝐶𝜇=0.09;  𝐶1𝜖 =1.44;  𝐶2𝜖 =1.92; 𝜎𝑘 =1.0 and 𝜎𝜖 =1.3.  
The momentum exchange term for multiphase flows (𝐾𝑞𝑠(𝑣 𝑞 − 𝑣 𝑠)) in Eq. (3) corresponds to interphase 
turbulent momentum transfer due to turbulent drag and is modelled as shown in Eq. (14): 

𝐾𝑞𝑠(𝑣 𝑠 − 𝑣 𝑞) = 𝐾𝑞𝑠(�⃗⃗� 𝑠 − �⃗⃗� 𝑞) + 𝐾𝑞𝑠 (
𝐷𝑠
𝜎𝑠𝑞𝛼𝑠

∇𝛼𝑠 −
𝐷𝑞
𝜎𝑠𝑞𝛼𝑞

∇𝛼𝑞) (14) 

Where,(�⃗⃗� 𝑠 − �⃗⃗� 𝑞) is the difference of phase-weighted velocities. The last term corresponds to the drift velocity 
for each phase that results from turbulent fluctuations in the volume fraction, where 𝐷𝑠 and 𝐷𝑞 are diffusivity 
coefficients determined in Eq. (15), and 𝜎𝑠𝑞 is the dispersion Prandtl number assumed as 0.75. 

𝐷𝑠 = 𝐷𝑞 = 𝐷𝑡,𝑠𝑓 =
1

2
𝐾𝑞𝑠𝐶𝜇

𝑘

𝜖
√1 + (1.8 − 1.35𝑐𝑜𝑠2𝜃)

(

 
(𝑣 𝑠 − 𝑣 𝑞) − 𝑣 𝑑𝑟)

√
2

3
𝑘

)

 

2

 (15) 

3. Numerical Model  

The pipe length of the model must be sufficiently long (Wasp et al.,1979) to ensure a statistically fully 
developed flow much anticipated to the outlet of the domain. The particles concentration will be reported within 
the fully developed flow region. 
A uniform velocity and volume fraction of liquid and solid phases were introduced at the inlet, while an average 
pressure and zero-gradient velocity is prescribed at the outlet. Non-slip condition is established at walls. 
The simulation used a second-order discretization in space, hexaedral unstructured O-grid mesh on halved 
pipe with vertical symmetry plane. Convergence was obtained when normalized residuals were smaller than 
1e-05 for all equations and with at least 0.75% global mass residual tolerance. 
The mesh verification is performed over three meshes for a 3.00 m-long and 54.9 mm inner diameter 
horizontal pipe. The pressure drop was used as the verification parameter and a final mesh of 491,000 cells 
was chosen to further the study giving an error of less than 1% with respect to next coarser mesh. 

4. Results   

Kaushal et al. (2005) data were used to tune up granular temperature on the wall and to determine granular 
viscosity contribution for heterogeneous and saltation flow regimes. 
The effect of wall granular temperature was assessed by considering either 1.0e-8 m2/s2 or 1.0e-5 m2/s2 

values, since it dramatically affected the density of particles packed on the bottom of the pipe. Figure 1 shows 
the variation in bed concentration of up to 20% for the two adopted values using particles diameter of 0.440 
mm. Results for the higher wall granular temperature depict a fairly accurate prediction, especially on the 
packed bed.  
Figure 2 presents the effects of including or not the frictional contribution of the viscosity for the solid phase in 
the model. This figure shows the particle concentration for single particle diameter of 0.440 mm, bulk particle 
volumetric fraction of 10% and mean uniform inlet flow velocity of 2m/s. Results show that under the given 
conditions, non-inclusion of the frictional component of the solid-phase viscosity led to more accurate results. 
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Figure 3 shows the effect of the particle size (i.e. 0.125mm; 0.440mm and their combination) on the 
concentration distribution. As expected, smaller (lighter) particles are easily raised and depict a more 
homogeneous distribution than larger ones, which are dominated by gravity forces and accommodate in a 
heterogeneous pattern. The bi-disperse case depicts an intermediate behaviour between the observed 
conditions for individual sizes. 
Figure 4 illustrates how the model reproduces the expected response when the inertial effects are increased 
further beyond the threshold that balances the gravity forces. Larger velocities, accordingly, depict a more 
homogeneous concentration, while the smaller velocities favour the sediments and thus, the heterogeneous 
regime. Strong bed particle packing, above 50%, observed at lowest mean velocity might need a deeper study 
of the frictional contribution of the solid viscosity. 

  

Figure 1: Effect of wall granular temperature on 

particle concentration 

Figure 2: Effect of frictional contribution into solid-

phase  viscosity 

  

Figure 3: Incidence of particle size on            

concentration distribution 

Figure 4: Incidence of mean inlet velocity on bi-

disperse concentration distribution for particles of 

0.440mm+0.125mm diameters 

5. Concluding remarks 

The predicting capability of a multiphase numerical model to reproduce the transport of particles in slurry flows 
is assessed under effects of flow regime, monodisperse and bi-disperse liquid-particle flow, mixture velocity 
and particles bulk concentration. An Eulerian-Eulerian model using the Granular Kinetic Theory is developed 
to treat the dispersed solid phase as a fluid with collisional, kinetic and frictional contributions into its viscosity. 
Preliminary tune-up of the model is performed based on evaluation of sensible wall granular temperature and 
frictional component of solid viscosity. 
The wall granular temperature proved to be a very important element in the modelling. In fact, tuning its value 
permits to control the level of particle agitation near the wall and therefore, affects the prediction of near-wall 
concentration. The bi-disperse mixture depicts a hybrid behaviour as the cross concentration of particles tend 
to adopt an intermediate distribution between that observed for individual particles. 
Larger particles show an important response to gravitational force, as expected, and play a primary role in the 
determination of cross-section concentration profiles. Turbulence carrying capacity is appreciated above a 
threshold value of the velocity, for which small/mid particles are easily transported by the fluid, turning the flow 
into a homogeneous slurry mixture. 
 
 

pseudo homogeneous  

heterogeneous  

heterogeneous- 
saltation 

heterogeneous  

heterogeneous  
moving bed 
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Nomenclature 

α or Cv Volume concentration 𝑘𝜃𝑠 Diffusion coefficient θ𝑠 Granular temperature 
α𝑠,𝑚𝑎𝑥 Solid maximum packing  𝐾𝑙𝑠 Momentum exchange coefficient μ Dynamic viscosity 
𝐶𝐷 Drag coefficient 𝜆 Bulk viscosity 𝜇𝑠,𝑐𝑜𝑙 Collisional viscosity 
𝑑𝑠 Diameter of particle  p𝑠 Solid Pressure 𝜇𝑠,𝑘𝑖𝑛 Kinetic viscosity 
𝑒𝑠 Restitution coefficient  𝑃𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 Frictional pressure 𝜇𝑠,𝑓𝑟 Frictional viscosity 
𝑔  Gravity vector 𝑅𝑒𝑠 Relative Reynolds number 𝑣  Velocity 
𝑔𝑜𝑠 Radial distribution function ρ Density θ𝑠 Granular temperature 
𝛾𝜃𝑠 Particle collisions dissipation τ̿ Stress tensor   
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