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Abdominal aortic aneurysm (AAA) is a dilation of the abdominal aorta (above 50 % of its original diameter), 
which can cause death upon rupturing. It usually grows asymptomatically leading to late clinical intervention. 
The medical criteria to indicate surgery are based on measuring the diameter and growth rate, but in many 
cases aneurysms fail at uncharacterized critical values. In search of a more efficient technique in predicting 
AAA failure, there is consensus on the importance of studying its geometric characteristics and estimation of 
the wall stress, but no fully successful correlation has been found between the two yet. This work examines 
the relationship between a parameterized geometry (18 input variables and 10 dependent indices) and 1 
output variable: the maximum wall stress. Design of Experiments (DOE) techniques are used to generate 183 
geometric configurations, for which Finite Element Analyses are performed using ANSYSTM state-of-the-art 
solver with a hyperelastic, isotropic and homogeneous arterial model for the wall, considering systolic internal 
pressure (steady state) and the restriction of longitudinal movement at the blood vessel end-sections. Due to 
the large number of independent parameters to consider, a preliminary Parameters Correlation analysis was 
performed to determine if a correlation between all input parameters and the maximum stress existed. The 
correlations between input parameters and the output variable were determined using the Spearman Rank 
correlation. Correlations with the maximum wall stress for: maximum diameter (ρ = 0.46), wall thickness (ρ = -
0.35), dc parameter (ρ = 0.21) and tortuosity (ρ = 0.55) were found. The response surface function between 
geometry and maximum wall stress was estimated by three models: Universal Kriging geostatistical 
regression (18 parameters), multiple linear regression (4 parameters) and multiple exponential regression (4 
parameters). The models accounted for the stress variance by 99 %, 61 % and 66 %, respectively, with 
average percentage errors of 0.12 %, 16 % and 17 %, respectively. The solution spaces obtained from this 
study might provide physicians with a better estimation of the AAA rupture potential and thus, facilitate safer 
and anticipated treatments of the condition. 

1. Introduction 
Abdominal aortic aneurysm (AAA) is the expansion of the abdominal aorta (> 50 % of its original diameter), 
which can rupture if left untreated, an event that carries a high mortality rate (Crawford et al., 2003).  The true 
incidence of ruptured abdominal aortic aneurysms varies between 2 and 15 admissions per 100,000 patients 
depending on the population (Somolock and Lyden, 2014). The medical criterion for the prevention of rupture 
is based on measuring the diameter (Shimazaki and Ueda, 2014) and growth rate (Hinchliffe et al., 2003). 
Nevertheless, there have been numerous cases of AAA rupture that occur at a maximum diameter and/or 
growth rate different from the critical values (Crawford et al., 2003). Therefore, interest has emerged in the 
search for a better criterion in predicting the failure of the arterial wall. The multitude of factors that affect the 
behaviour of the aneurysm makes more difficult to establish a general criterion for an adequate description of 
the complex pathogenesis of the disease, suggesting the use of specific criteria for each patient. Fillinger et 
al., (2003) concluded that the estimation of stress on the arterial wall can help determine the risk of rupture 
with greater accuracy than considering only the diameter. Advances in clinical imaging (ex: CT, MRI) have 
enabled the study of patient-specific geometries and verification of the existence of a relationship between 
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physical parameters associated with the asymmetry (Doyle et al., 2009), torsion, tortuosity, curvature 
(Georgakarakos et al., 2009), and wall thickness (Shang et al., 2013) with the maximum stress on the arterial 
wall. Martufi et al., (2009) demonstrated the convenience of geometric relationships and suggested proposals 
for consideration of the above in estimating the risk of rupture. In recent years, many advances in new models 
and improved boundary conditions have been made, but a correlation between physical characteristics and 
the maximum stress in the AAA wall has not been found yet. Thus, this investigation addresses for the first 
time, based on Design of Experiments (DOE) techniques, the computational analysis of a broad range of AAA 
CAD-generated geometries, using 18 input parameters, to identify which geometric characteristics are closely 
related with arterial wall stress. In addition, with the use of computational and statistics tools, we determine 
relationship between these characteristics and the maximum wall stress.  

2. Methodology 
A set of AAA CAD geometries was generated based on the DOE for all the input parameters. The numerical 
simulation for each of these case studies was performed using ANSYS-Structural MechanicsTM, based on the 
solution of the system of three-dimensional equations of displacement and stress equilibrium discretized using 
the Finite Element Method. 

2.1 Arterial wall model 
The middle aorta can be considered a homogeneous and incompressible medium (Vande Geest et al., 2008). 
Considering that tissue anisotropy is not present in all cases, a quasi-incompressible isotropic hyperelastic 
model based on a Mooney-Rivlin equation of 5 material constants – Eq(1), was obtained through a process of 
linear regression to fit the stress-strain experimental data reported by Raghavan and Vorp (2000): ܹ = ଵ̅ܫ)ଵ଴ܥ − 3) + ଶ̅ܫ)଴ଵܥ − 3) + ଵ̅ܫ)ଶ଴ܥ − 3)ଶ + ଵ̅ܫ)ଵଵܥ − ଶ̅ܫ)(3 − 3) + ଶ̅ܫ)଴ଶܥ − 3)ଶ + 1݀ ܬ) − 1)ଶ (1) 

C10 = 1.324 x 106 Pa; C01 = -1.231 x 106 Pa; C20 = -4.499 x 107 Pa;  
C11 = 4.475 x 107 Pa; C02 = 1.413 x 107 Pa; D1 = 0.0 Pa-1 ܫଵ̅ and ܫଶ̅ are the first and second right Cauchy-Green strain tensor deviatoric invariants, and J is the 
volumetric ratio. This model is a truncation (N = 2) of the polynomial form of the potential function for quasi-
incompressible materials (Celigueta, 2009). 

2.2 Geometric model, parameters and indices 
The AAA were numerically-generated by varying a set of geometric parameters at five (5) cross-sections 
illustrated in Figure 1. Disregarding the presence of thrombus to simplify the geometry, the number of 
independent parameters that can be used to generate an AAA is 18. In addition, ten (10) dependent indices 
based on the 25 indices proposed by Martufi et al., (2009) were used: L, dc, Hb, V, DHr, DDr, Hr, Bl, β and T. L 
is the sum of lengths of straight lines connecting the five cross-section centroids; dc is the perpendicular 
distance from the centroid at the maximum diameter to the vertical axis path from the centroid at section I; Hb 
is the vertical distance between Dneck1 and Dmax centroid cuts; V is the aneurysm volume; DHr, DDr, Hr, Bl, β 
and T are 2-dimensional shape indices and are calculated as indicated in Table 1. β is a degree of AAA sac 
asymmetry and T the tortuosity of the aneurismal aorta. 

                              

Figure 1: Visualization of sections in AAA and the 18 independent parameters. 

Table 1:  Two-dimensional shape indices 

DHr DDr Hr Bl Β T D୫ୟ୶H  
D୫ୟ୶D୬ୣୡ୩ଵ 

HHୈ୬ୣୡ୩ଵ − H 
HୠH  

dୡD୫ୟ୶ Lඥ(Hୈ୬ୣୡ୩ଵ)ଶ + (Xୈ୬ୣୡ୩ଵ)ଶ + (Yୈ୬ୣୡ୩ଵ)ଶ 
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2.3 Boundary conditions, domain and mesh density 
A steady state analysis is proposed, subjecting the endoluminal surface of the aneurysm to 120 mmHg (1.6 
N/cm2) to simulate peak systolic conditions when maximum wall stress is achieved (Raghavan and Vorp, 
2000). The displacement in the longitudinal direction at the end of the model is restricted. The verification of 
the domain extension and mesh density are performed in the CAD model using a simple geometry. The 
longitudinal extension of the axial domain was established to ensure circumferential displacement at the ends 
of AAA without change (< 1 %) in global maximum principal stress σpmaxg, strain εpmaxg and average strain in 
the inner wall of section I. The mesh was generated using tetrahedrons of 10 nodes - SOLID 187 (Ansys, Inc., 
2009). Its density was selected studying the error (L2-norm), calculated as described by Prakash and Ethier 
(2001), of the maximum principal stress σpmax along an internal wall line from section I to section M. The error 
of the L2-norm was less than 1 x 10-3 for a mesh with density of 2,620 elements/cm3 (114,000 elements 
approximately), compared to a mesh with a density of 566 elements/cm3. 

2.4 Design of experiments (DOE) 
The experimental design is a technique used to determine the location of sampling points so that the input 
parameter space is scanned in the most efficient manner. Optimal Space-Filling (OSF), is one scheme in DOE 
that creates an experimental design set by using one of several available algorithms to fill the discrete space 
of design. In this study, the OSF is based on the maximum-minimum distance (Maximin) algorithm, developed 
by Johnson, Moore and Ylvisaker (1990). Case studies were selected from the space limits given in Table 2 
and thus, 190 design points were created by the OSF sampling. 

Table 2:  Limits of variation of independent parameters 

Parameters Min (cm) Max (cm) Parameters Min (cm) Max (cm) Parameters Min (cm) Max (cm)
DI, Dneck1 2.0 3.0 ADP 0.15 0.25 Dneck2, Dneck3  2.0 4.0 
HDneck1  11.5 12.5 H 9.0 11.0 HDneck3 1.0 3.0 
Dmax, HDmax 4.0 8.0 XDneck1, YDneck1 -1.0 1.0 XDmax, YDmax   -2.0 2.0 
XDneck2, YDneck2 -2.0 2.0 XDneck3, YDneck3 -2.0 2.0    

2.5 Correlation matrix and response surface 
Following the results of the numerical simulations, a probabilistic sensitivity analysis was performed to 
evaluate the correlation between variables calculating the Spearman correlation coefficient ρ (Sheskin, 2004) 
for each pair of parameters, facilitating the selection of geometric indices of greater relevance correlated with 
wall stress. An adjustment of the dependent parameters was performed as a function of the input variables 
through regression analysis techniques. A Response Surface (RS) was obtained for the output parameter 
using, in a first stage, a Universal Kriging with all 18 input parameters, while in a second stage (using least 
squares linear and exponential regressions), only the well-correlated variables were chosen for the fitting. 
Universal Kriging assumes that there is a trend that can be modeled by a deterministic polynomial function, 
which combines with a random function to predict the values at points within the feasible space of input 
variables (ArcGIS Resource Center, 2011). The unknown output function y(x) is the result of the sum of a 
polynomial form of f(x) that “globally” approximates the design space and Z(x), which is the realization of a 
Gaussian random process normally distributed with a zero mean, variance  σ2 and nonzero covariance that 
creates “localized” deviations so that the Kriging model interpolates the N sampling points (Ansys Inc., 2009). 
The multiple linear regression model with q variables corresponds to (Pértega and Pita, 2000): ߪ௜ = ଴ߙ + ௜ଵݔଵߙ + ௜ଶݔଶߙ + ⋯+ ௜௤ݔ௤ߙ + 	௜ߝ ݅ = 1,2…ܰ (2) 

The αj coefficients are estimated following the least squares criterion:  ߙ = (்ܺܺ)ିଵ்ܺ(3) ߪ 

The multiple exponential regression model with q variables responds to the Eq(4): ߪ௜ = ଶ௫೔మߛଵ௫೔భߛ)଴ߛ × …×  ௤௫೔೜) (4)ߛ

By linearizing Eq(4), it yields an equation analogous to Eq(2): lnߪ௜ = lnߛ଴ + ଵߛ௜ଵlnݔ + ଶߛ௜ଶlnݔ + ⋯+ ௤ߛ௜௤lnݔ +  (5) ߝ

where the least squares estimators are obtained from Eq(6), analogous to Eq(3): lnߛ = (்ܺܺ)ିଵ்ܺln(6) ߪ 
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3. Results 
3.1 Global Maximum Principal Stress 
Computer simulations of the 190 case studies were generated according to the DOE matrix and were 
successfully completed in approximately 1300 cpu-hours (Intel Core i5 CPU Processor, 4.00 GB of RAM). 
Figure 2 shows the geometry for the first eight designs. Geometries #113 and #172 presented the lowest (0.22 
MPa) and the highest (1.18 MPa) σpmaxg, respectively, as can be seen in Figure 3. The latter geometry not only 
exhibits a maximum diameter (7.88 cm) larger than geometry #113 (5.13 cm), but also has a thinner wall (0.18 
cm vs. 0.24 cm), is more asymmetric (β = 0.24 vs. β = 0.16) and more tortuous (T = 1.33 vs. T = 1.03). 
Geometry #113 had the lowest σpmaxg from the 190 case studies, even when its maximum diameter was not 
the lowest. The geometry with the lowest maximum diameter (geometry #50, Dmax = 4.01 cm) had a higher 
maximum wall stress than 66 other AAA. This implies that using only maximum diameter as a surrogate for 
peak wall stress is insufficient. In the present study the average maximum wall stress was 0.56 MPa (0.22 - 
1.18 MPa).  

 

Figure 2: Geometry for the first eight designs. 

 

Figure 3: Maximum principal stress distribution [Pa] in geometries #113 and #172. 

3.2 Correlation matrix 
According to the ratio-range scale of Martinez et al. (2009), σpmaxg had a low correlation with dc (ρ = 0.21), a 
weak correlation with Dmax (ρ = 0.46), ADP (ρ = - 0.35), DHr (ρ = 0.43) and DDr (ρ = 0.41), and a moderate 
correlation with L (ρ = 0.52) and T (ρ = 0.55). The most important parameters in the study were Dmax, ADP, L, 
dc, DHr, DDr and T; choosing non-collinear parameters, Dmax, the wall thickness ADP, the Euclidean distance 
dc, and tortuosity T were chosen for the final Response Surface (RS). 

3.3 Response surface 
The universal Kriging technique generated a solution space of 18 + 1 dimensions (18 input parameters, and 1 
output parameter) to estimate σpmaxg. Taking configurations #113 and #172 as the limiting cases, Figure 4(a) 
shows σpmaxg as a function of wall thickness for both AAA, showing the nearly linear relationship between wall 
stress and thickness with a maximum wall stress up to 20 % higher for a wall thickness of 1.5 mm compared 
to 2.5 mm. Figure 4(b) depicts the nonlinear increase in wall stress when the maximum diameter is larger than 
5 cm. Given the fitted response surface, σpmaxg can be analyzed as a function of select input parameters while 
leaving the remaining parameters constant. Such is the case of Figures 5(a) and (b), where the maximum 
diameter and Dneck1 were chosen, illustrating the variation of the output parameter in geometries #113 and 
#172. For AAA #113, the stress is nearly independent of Dneck1, while for AAA #172 there is an evident 
dependency of stress on this parameter. These results confirm the influence of the global geometry in the 
response of AAA wall stress to intraluminal pressure. The response surface (RS) allows estimation of the 
maximum wall stress without the need to carry out the respective numerical analysis. The RS may provide 
both the initial prognosis of an AAA according to its geometric characteristics and also exploring possible 
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follow-up scenarios by varying any of the independent parameters. Figures 5(c) and (d) illustrate the RS for 
the wall stress vs. Dmax and wall thickness (the most influential parameters) for AAA #113 and #172.  

 

Figure 4: a, Global maximum principal stress as a function of wall thickness for #113 and #172; b, Global 
maximum principal stress as a function of maximum diameter for #113 and #172. 

 

Figure 5: a, b Contours of σpmaxg vs. Dmax and Dneck1 in geometries #113 and #172; c, d Contours of σpmaxg vs.  
Dmax and ADP in geometries #113 and #172. 

After reducing the initial space to the few parameters that resulted in high correlation factors, the fitted Eq(2) 
leads to the following expression: ߪ௜ = ଴ߙ + ଵD୫ୟ୶ߙ + ଶADPߙ + ଷTߙ +  ସdୡ (7)ߙ

The least-square fitted coefficients according to Eq(3) are: 
α0 = -1.0081 x 106; α1 = 8.1334 x 104; α2 = -2.1806 x 106; α3 = 1.2710 x 106; α4 = -8.1175 x 103 
For the same limited set of parameters, Eq(4) leads to the following multiple exponential regression: ߪ௜ =  (8) (ସୢౙߛଷ୘ߛଶ୅ୈ୔ߛଵୈౣ౗౮ߛ)଴ߛ

γ0 = 3.1944 x 104; γ1 = 1.1627; γ2 =0.0176; γ3 =9.5816; γ4 =0.9925 
The coefficient of determination R2 and the statistical significance through global contrast regression F 
(Sheskin, 2004) were calculated to measure the goodness of fit of the two correlations expressed by Eq(7) 
and Eq(8). The values obtained (R2 = 0.61 and R2 = 0.66, respectively) indicate that the models explain 61 % 
and 66 % of the variability of the maximum principal stress. These results, the statistical significance (F = 69.8 
and F = 88.1, respectively) and the probability p of occurrence of the regression F (p << 0.01 for both 
correlations) indicate that much of the variance of σpmaxg is explained by the fitted models.  

4. Conclusions 
Correlations between the geometry and maximum stress of the arterial wall in AAAs were developed based on 
numerical stress analyses of CAD-generated geometries using Design of Experiments (DOE) to build 
surrogate or response surface models. The results of calculating the maximum wall stress in 190 AAA 
geometries allowed the development of three correlations: a regression based on the Universal Kriging 
geostatistical model, a multiple linear regression based on four independent parameters (Dmax, ADP, dc, and 
T) and a multiple exponential regression also based on these four parameters. These correlations have 
average percentage errors of 0.12 %, 17 % and 16 %, respectively. Calculating wall stress by means of finite 
element modeling is a relatively complex process to implement clinically, so the idea of being able to estimate 
wall stress based on geometric correlations has high translational value. In the present work we found three 
models that accounted for more than 60 % of the wall stress variance in the 190 idealized geometries. These 
models may ultimately guide the initial diagnosis of AAA in terms of their geometry, allowing the use of indices 
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other than the maximum diameter to predict their risk of rupture. The response surfaces (RS) obtained allowed 
the estimation of maximum wall stress for any combination of input variables under the physically constrained 
ranges without the need of a new finite element analysis simulation. We demonstrated that maximum wall 
stress can be predicted relatively accurately by measuring maximum diameter, wall thickness, the Euclidean 
distance between centroids at the maximum and inlet cross-sections, and the tortuosity of the AAA, all of 
which can be characterized with modern and inexpensive clinical imaging technology. The development of 
these new correlations is not intended to replace a patient-specific stress analysis, but rather provide simple 
tools vascular surgeons or interventional radiologists can use to make a first assessment of the disease 
severity in an individual. These tools are based on the assessment of more than just the clinically relevant 
maximum diameter and do not require a lengthy process of image segmentation, generation of the patient-
specific geometry, or finite element modeling to estimate the maximum wall stress.  
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