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Extensive studies have been performed in the past to integrate more than one ‘green’ energy source, e.g., 

solar, wind and hydrogen, for power generation. For actual operation in a realistic environment, such a 

hybrid process must be fully functional despite random fluctuations in energy supplies and power 

demands. A common option for accommodating the uncertain disturbances and their cumulative effects is 

to introduce battery into a properly structured system. However, by using an ad hoc approach, these 

schemes may be either overdesigned or inoperable. A generic mathematical programming model is thus 

adopted in the present study to compute a so-called temporal flexibility index for use as a performance 

measure. In order to demonstrate the usefulness of this assessment criterion, a large collection of 

photovoltaics/fuel cell/wind turbine (PVFCWT) systems were configured for a specific application and then 

compared accordingly so as to identify the best combination of energy supplies. A MATLAB/Simulink 

simulation program has also been developed in this work to validate these design decisions. 

1. Introduction 

Renewable energy sources, such as solar, wind, biomass, etc., are attracting more and more attention in 

recent years for use as the alternatives of fossil fuels. Among them, the photovoltaic (PV) generator that 

directly converts solar energy into electricity has been widely utilised in low power applications. It is widely 

regarded as unsuitable for off-grid applications due to the uncertain nature of solar irradiation. One method 

to overcome this problem is to integrate the PV generator with other energy sources e.g., fuel cell (FC) and 

wind turbine (WT). The fuel cell can be a good candidate for this purpose since it is blessed with high 

efficiency and quick response, while the wind turbines are usually connected into some form of electrical 

network so as to satisfy the overall power demand partially. Their feasibility in coordination with a PV 

system has been successfully demonstrated in both grid-connected and stand-alone applications. 

 

Figure 1: PVFCWT power generation system (adapted from Saathoff, 2009) 
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Although numerous studies on the optimisation, modelling and design of the photovoltaics/fuel cell (PVFC) 

and the PVFCWT hybrid systems have been carried out in recent years, e.g., see Wang and Nehrir 

(2008), where overall power management strategy of PVFCWT hybrid system is addressed, Saathoff 

(2009), where the importance of solar, wind, fuel cell, and batteries are discussed, and Chen et al. (2013) 

where a mathematical programming approach is established for the analysis and design of the off-grid 

hybrid power system (HPS). It is worth noting that most of them did not consider the important issues 

concerning operational flexibility. The incorporation of a large enough battery can obviously facilitate 

smooth operation, yet it is still important to optimally allocate the capacities of various different units in the 

hybrid system (see Figure 1) so as to avoid overdesign. For this purpose, the system flexibility must be 

evaluated rigorously with a quantitative measure.  

In a previous study, Adi and Chang (2013) developed a generic mathematical program to compute a so-

called temporal flexibility index for quantifying the system's ability to buffer the accumulated changes in 

process parameters. These authors later applied the same analysis in evaluating and designing the PVFC 

systems (Adi and Chang, 2015). Therefore, temporal flexibility analysis of the PVFCWT system is deemed 

useful for identifying realistic designs. 

The rest of the paper is organised as follows. The mathematical models of basic components in the 

PVFCWT system are first presented in the next section. In Section 3, the novel concept of temporal 

flexibility is outlined and a generic programming formulation for computing temporal flexibility is also given. 

A series of case studies have been performed to validate the proposed design approach in this work. The 

optimisation and simulation results are thoroughly analysed and discussed in Section 4. Finally, 

conclusions are drawn in Section 5. 

2. Unit Models 

As shown in Figure 1, four basic components are considered in this analysis, i.e., solar cell, polymer 

electrolyte membrane (PEM) fuel cell, wind turbine, and battery. The mathematical models of these 

essential units are shown below: 

2.1 Photovoltaic Cell 

A solar module typically consists of several cells connected in series. The conventional modelling 

approach is to describe the p-n junction physics in the form of equivalent circuits. For example, the cell 

current PVI  is determined as the follows: 

1 2PV ph d d pI I I I I     (1) 

where, phI  denotes the light-generated current (which is a function of solar radiation and cell 

temperature); 1dI  denotes the diffusion current from the base to emitter layers; 2dI  represents the effect 

of the generation and re-combination current in the junction space charge region; pI  represents the 

current flowing through the shunt resistance. Due to space limitation, detailed descriptions of additional 

formulations are omitted in this paper. A complete version can be found in Shen et al. (2011). 

2.2 Fuel Cell 

The actual voltage 
FCU  is lower than the open-circuit voltage 

OCVU  in an operating fuel cell due to various 

irreversible loss mechanisms. These losses are originated from three main sources due to activation 

overpotential 
act , concentration overpotential 

conc , and Ohmic overpotential 
ohm . The actual cell voltage 

should be represented as follows: 

FC OCV act conc ohmU U      
 (2) 

For the sake of brevity, the explicit formulas for computing the right side of Eq(2) are not included here. For 

the actual calculation carried out in this study, they were obtained from Hwang et al. (2009). 

2.3 Wind Turbine 

The power 
WTP  (in W) extracted from wind can be expressed as 

3

2

1
( , )

2
WT p xP C A c    (3) 

where,   is the air density in kg/m³, 
2A  is the disc area swept by the rotor blades in m², and 

xc  is the 

wind velocity in m/s. pC  is called the power coefficient or the rotor efficiency and is a function of tip speed 
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ratio (TSR or  ) and pitch angle ( ) (Heier, 1998). It is worth noting that wind turbine can produce power 

within the cut-in and cut-out wind speed range, i.e., lower and upper operating wind speed limit. Since the 

detailed model formulations are available elsewhere (Dixon and Hall, 2014), they are all excluded so as to 

shorten the paper. 

2.4 Battery 
The discharge model of Li-ion battery is adopted from the work of Tremblay and Dessaint (2009) which 

accurately characterises the voltage dynamics when the current varies. Specifically, the battery voltage is 

given by: 

0

Pol. voltage Pol. resistance

exp( )batt batt batt

Q Q
V E K it R I A B it K I

Q it Q it

       
 

 
(4) 

where, 
battV  is the battery voltage, 

0E  is the battery constant voltage, K  is the polarisation constant or 

polarisation resistance, Q  is the battery capacity, battit I dt   is the actual battery charge, A  is the 

exponential zone amplitude, B  is the exponential zone time constant inverse, R  is the internal resistance, 

battI  is the battery current, 
battI   is the filtered current. Further details can be found in Tremblay and 

Dessaint (2009). 

3. Temporal Flexibility Index 

Dimitriadis and Pistikopoulos (1995) replaced the equality constraints in the conventional model 

formulations for steady-state flexibility analysis with a system of differential-algebraic equations, i.e. 

  , ( ), ( ), ( ), ( ) 0if t t t t d z x x θ
 

(5) 

where,  0,  t H  and 0(0) x x . The dynamic flexibility index can be computed accordingly with the 

following model: 

 max   dFI 
 (6) 

subject to Eq(5) and   

( )( ) ,
maxminmax ( , ( ), ( ), ( ), ) 0j

tt j t
g t t t t 

zθ
d z x θ  (7) 

         N Nt t t t t       θ θ θ θ θ  (8) 

where, if  is the thi  equality constraint in the design model (e.g. the mass or energy balance equation for a 

processing unit); jg  is the 
thj  inequality constraint (e.g. a capacity limit); d  represents a vector which 

contains the design variables corresponding to the structure and equipment sizes of the plant; z  denotes a 

vector which contains the control variables that can be adjusted during operation, e.g. flows and utility 

loads; x  is a vector which contains the state variables that define the system, e.g. concentrations, 

temperatures and voltages; θ  denotes the vector which contains the uncertain parameters, e.g. solar 

irradiation rate and wind speed.  

To facilitate the proposed temporal flexibility analysis in the present study, let us assume that the 

cumulative effects of uncertain disturbances can be assessed by replacing Eq(8) with 

         N Nt t t t t     θ θ θ θ θ
 

(8’) 

and 

 
0

( ) ( )
H

N d            θ θ  (9) 

where the anticipated values of accumulated deviations (   and  ) should be extracted 

independently from historical data. A mathematical programming model can then be established to 

determine the temporal flexibility index tFI  by maximising the scalar variable   (Adi and Chang, 2012). 

The specific computation procedure is outlined in Adi and Chang (2013). 
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4. Case Studies 

The case studies presented below are adopted mainly to demonstrate the important role of flexibility 

analysis in evaluating and synthesising operable designs. The model parameters of solar module were 

taken from Shen et al. (2011) and fuel cell were taken from Hwang et al. (2009) while those of wind turbine 

were from Dixon and Hall (2014). The battery parameters were extracted from the Simscape block of 

MATLAB/Simulink. Based on the assumption that all components are interconnected via an electrical bus, 

the charging/discharging behaviour of battery can be described as follows: 

batt PV FC WT demandI I I
d

I
it

t
I

d
     (10) 

A total of four uncertain parameters were considered in all cases, i.e., the output powers from the PV, FC 

and WT units, respectively, and also the power demand. The chosen nominal profiles of solar irradiation 

rate and wind speed can be found in Figure 2(a), while the nominal hydrogen flowrate is set to be a 

constant at 0.09 kmol/h. On the basis of Eq(8’), it is assumed that each parameter may vary between ± 20 

% of the nominal level at any time. The anticipated values of   and   for each module are 

predetermined by integrating the lower and upper limits of the corresponding output power. For illustration 

purpose, a preliminary design has been analysed for 3 PV modules (5 parallel 400-series cells – rated at 

8.5 kW/module), 1 FC module (65 cells – rated at 7.4 kW/module), 6 WT modules (rated at 7 kW/module) 

and a battery (2,568 Ah, 50 % initial SOC). Based on these specifications, the nominal profile of total 

power supply in Figure 2(a) can be produced via numerical simulation with MATLAB/Simulink. On the 

other hand, the nominal profile of power demand of a remote village (Mishra and Singh, 2013) has been 

adopted in all cases reported here (see Figure 2(b)), from which 20 % positive and negative deviations are 

anticipated. The corresponding nominal SOC profile of the battery is also shown in Figure 2(b). At 2,568 

Ah, the fully charged battery can withstand up to about 10 h of the average load without recharging. 

As a design variable, an energy supply-to-demand ratio should be specified a priori, i.e. 

Nominal daily energy supply 

 Nominal daily energy demand 
SDr   (11) 

The denominator of this ratio can be computed by numerically integrating the power demand profile in 

Figure 2(a) over a period of 24 h, while the numerator was computed according to the following formula 

Nominal daily energy supply        N N N I

PV PV FC FC WT WT B BE N E N E N E N  (12) 

where, N

PVE , N

FCE , N

WTE  denote the nominal daily energy supply of PV, FC, and WT modules, respectively, 

and they can be determined by integrating the nominal profiles of the output powers produced by the 

corresponding modules with MATLAB/Simulink; I

BE  denotes the initial energy stored in the battery, which 

can be treated as a design specification. 

For the purpose of evaluating economic performance, the installation cost of every component in the 

hybrid system was estimated according to literature data. Based on the unit cost reported in Dovetail 

(2015), i.e. 4 $/W, the figure $ 34,000 was adopted as the approximate cost of an 8.5 kW PV module. It 

was also assumed that a 7.5 kW Ene-Farm FC system (by Tokyo Gas and Panasonic) could be purchased 

with $ 226,000 (FuelCellToday, 2015). The installation cost of a WT module was estimated to be $ 14,000 

/ 7 kW based on the reported value of 2,000 $/kW (IER, 2015). Finally, a preliminary estimate of $ 17,348 

was used as the capital cost of a 2,568-Ah battery bank (Wholesale Solar, 2015).  

The values of tFI  for different supply-to-demand ratios were computed by solving the proposed model 

according to the same initial SOC for battery bank (50 %). The results are summarized in Table 1. It 

should be noted first that, since a feasible operation requires 100%SDr  , the flexibility index in Case 1 

naturally falls below the target value of 1. As expected, the operational flexibility of a hybrid power 

generation system can in general be improved by raising 
SDr . Note that, despite the high installation cost of 

FC system, the operational flexibility of hybrid system can be greatly enhanced since it is a stable power 

source. On the other hand, since the sun light and wind are expected to be both strong during the day, the 

power produced by PV and WT modules should be more than enough for day-time consumption despite 

random fluctuations. This excess energy should be stored in the battery and used later to satisfy the 

anticipated evening demand. Although as mentioned before a low 
SDr  usually fails to meet this need, i.e. 

tFI  < 1, the power produced by PV and/or WT modules may be wasted when an exceedingly large ratio is 
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adopted. This is because of the fact that, in the latter case, the stored energy in battery may reach the 

maximum tolerable limit. For example, as shown in Figure 2(b), the excess energy cannot be charged to 

the battery during the period from around 12 h to 18 h. 

 
 (a) (b) 

Figure 2: (a) Nominal profile of solar irradiation rate and wind speed; (b) Nominal profiles of total power 

supply vs power demand and battery SOC profile 

Table 1: Flexibility indices of hybrid power generation systems 

Case  PVN  
FCN  

WTN  
BN  PV

 FC
 WT

 B
 

SDr  
tFI  Cost 

1 6 1 3 1 21.94 % 31.86 % 21.00 % 25.20 % 99.2 % 0.822 $ 489,348 

2 8 1 3 1 27.24 % 29.68 % 19.61 % 23.47 % 106.5 % 1.255 $ 557,348 

3 6 1 4 1 20.47 % 29.73 % 26.28 % 23.52 % 106.3 % 1.228 $ 503,348 

4 2 1 6 1 6.88 % 29.92 % 39.53 % 23.67 % 105.6 % 1.178 $ 395,348 

5 2 1 6 2 5.56 % 24.20 % 31.97 % 38.28 % 130.7 % 2.559 $ 412,696 

6 2 1 3 2 6.62 % 28.80 % 19.02 % 45.56 % 109.8 % 1.069 $ 370,696 

It can also be observed from Table 1 that, in terms of flexibility enhancement, the contribution of WT is 

relatively less significant than that of PV generator. This is due to the narrower operating range imposed 

by the cut-in and cut-out wind speed in the former case. Still, WT is an attractive candidate since it is 

relatively inexpensive, i.e. $ 14,000 / 7 kW WT module vs $ 34,000 / 8.5 kW PV module.  

More specific observations can be summarised below: 

 In Case 1, a preliminary structure with 6 PV modules, 1 FC module, 3 WT modules and a 2,568 Ah 

battery is evaluated with corresponding PV
, FC

, and WT
 to be 21.94 %, 31.86 %, and 21.00 %, 

respectively, and the total 
SDr  is below 100 % (99.2 %). This configuration was chosen to evenly 

distribute all energy sources. Such a simple strategy results in an inflexible system design ( 1tFI  ). 

 By comparing Cases 1 and 2, one can see that tFI  can be drastically raised from 0.822 to 1.255 by 

increasing 
PVN  from 6 to 8 and the corresponding cost is increased 13.9 % from $ 489,348 to $ 

557,348. On the other hand, by adding a WT model (see cases 1 and 3), the system flexibility can 

also be enhanced to a similar degree ( 1.228tFI  ) with a lower cost burden.  

 Since the installation cost of a WT module is lower than that of a PV module, one would expect that by 

replacing a few former units with latter can achieve similar improvement in operational flexibility at a 

lower cost. This is shown in Case 4 when 
PVN  is reduced to 2 and 

WTN  increased to 6. Indeed, the 

resulting tFI  is roughly the same (1.178) while the installation cost is lower (i.e., $ 395,348 at 19.2 % 

cost saving).  

 Note that the battery plays a critical role in improving system flexibility. As shown in Figure 3(a), at 

around 17 h, only the FC module is capable of producing power online and the energy stored in 

battery must be utilised to make up the power shortage. Since the capital costs of battery and WT 

module are roughly in the same range, it may be worthwhile to introduce extra battery capacity. As 

observed from Cases 4 and 5, increasing the battery number can improve tFI  from 1.178 to 2.559. 

Since the tFI  in Case 5 is quite large, one may remove a few PV or WT modules so that tFI  is near 

and above the target value of 1. As shown in Case 6, the tFI  reaches 1.069 and the corresponding 

installation cost is $ 370,696 (24.2 % saving cost). Interestingly, the value of 
SDr  in this case is higher 

0

10

20

30

0

200

400

600

0 3 6 9 12 15 18 21 24

W
in

d
 S

p
ee

d
(m

/s
)

So
la

r 
Ir

ra
d

ia
ti

o
n

 
(W

/m
2
)

Time (h)

Solar Irradiation Wind Speed

0

20

40

60

80

100

0

20000

40000

60000

0 3 6 9 12 15 18 21 24

SO
C

 (
%

)

Po
w

er
 (

W
)

Time (h)

Power Supply Power Demand Battery SOC (%)



 

 

564 

 
and tFI  is lower than the ones determined in Cases 2 - 4. Also note that B

 is larger in Case 6 and 

the total active power supplies PV, FC, and WT is lower when compared with the above three cases. 

This extra storage space can be fully utilized to avoid wasting the excess energy generated by the PV 

and WT modules during the day. Since the installation cost of Case 6 is the lowest with tFI  > 1, it is 

therefore recommended for the present design problem. 

5. Conclusions 

In the present study, the temporal flexibility analysis has been successfully applied to design a flexible 

hybrid power generation system according to any given time-variant demand profile with uncertain 

disturbances. For this purpose, the overall energy supply-to-demand ratio (rsd) clearly must be targeted at 

a larger-than-one value to ensure operational feasibility. The corresponding power demand at any instance 

is supposed to be satisfied as much as possible with the instantaneous outputs of PV, FC and WT 

modules, while the rates of energy inputs to these units, i.e. solar irradiation rate, hydrogen feed rate and 

wind speed, are considered to be uncertain and time dependent. Any discrepancy between supply and 

demand during operation can only be buffered with battery. Therefore, a flexible system configuration 

should be synthesised by properly allocating capacities of the three different types of power-generating 

components and, also, optimally sizing the battery and setting its initial charge level. Two performance 

measures, i.e. the flexibility index and the total capital cost, are adopted in the present work to facilitate 

making these decisions systematically. The effectiveness of such a design strategy has been 

demonstrated in the case studies.  
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