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In this paper matrix and vector products are exploited to reformulate Bender Equation of State. Finally, the 
new formulation is used to generate results which has been compared with experimental data sets available in 
literature and the analogous findings coming from different thermodynamic packages commonly used in 
Aspen Hysys for Air Separation Unit. 

1. Introduction 
In the last years, the need for more powerful and detailed thermodynamic tools to be used in process 
simulators has exponentially increased. A more precise prediction allows to save energy, to have a better 
control and to optimize of each unity (Lasala et al., 2018). For cryogenic separations it is very difficult to have 
robust and reliable thermodynamic packages; generally, mixtures are at low temperatures (so very far from 
ideal behaviour) or close to critical point for one or more compounds. In such operative conditions, for 
example, Cubic Equations of State (CEoS) exhibit some convergence and oscillation problems that are solved 
by using fitting-interaction parameters (Lasala et al., 2018). This numerical solution however is suitable only 
for specific mixtures. In 60’s and 70’s of the last century, Bender developed an Equation of State tailored on 
Air Separation Unit, however, his methodology in the development of the Equation of State can be easily 
translated to other compounds as already done by several researchers (Bühner et al., 1981; Platzer et al., 
1993; Cibulka et al., 2001; Ghazouani et al., 2005). In any case, Bender Equation of State was originally 
developed to predict thermodynamic behaviour and properties in cryogenic conditions for nitrogen, argon and 
oxygen both pure or in mixture. However, in the original doctorate thesis by Bender, units of measure and 
univocal definitions of mixing rules for parameters and additional coefficients are missing. In this work, a smart 
and complete implementation of Bender Equation of State is proposed exploiting vector and matrix products to 
make the code more compact and to optimize the calculations. 
 
2. Bender Equation of State for mixtures 

Bender Equation of State is an evolution of the Benedict – Webber – Rubin EoS. As stated by Bender, among 
the many empirical equations of state published, only two have been largely applied for predicting phase 
equilibria in multicomponent systems. It is well known that BWR Equation is not suitable for use in the liquid 
region of both pure fluid and mixtures. Whereas, RKS and PR equation, despite their capacity to easily fit 
experimental PVT data at low density gas region or those of the liquid region, have unique sets of coefficients 
that, even if these are temperature dependent, are not able to provide good accuracy and reliability on the 
whole range of temperature and pressure. Bender EoS tries to achieve a good representation of the gas 
region as well as of the condensed phase including the two-phase region with one single function that has an 
expansive but still rational form (Bender, 1973). Bender EoS contains twenty fitting parameters (for each pure 
compound	ܽ௜,௞) and six virial terms.  
As shown in equation (1), Bender Equation of State relates pressure and temperature with the density of the 
system (therefore the reciprocal of the molar volume) and with prominent nonlinearity related to density: 
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݌ = ݀௠ܶ ቂܴ + ቀܽଵ − ܽଶܶ − ቁ݀௠ܤ + ௠ଶ݀ܥ + ௠ଷ݀ܦ + ௠ସ݀ܧ + ௠ହ݀ܨ + ܩ) + ௠ଶ݀ܪ )݀௠ଶ ∙ exp(−aଶ଴݀௠ଶ )ቃ (1) 
Parameters present in equation (1) are directly provided with both linear and nonlinear mixing rules. The 
mixing parameters are calculated starting from the twenty fitting parameters of pure compound and the phase 
composition. Indeed 

• for mixing ܽଶ, ܤ and ܽଶ଴ geometrical mixing rule is applied ܻ = ൭෍߰௞ ௞ܻଵ ଶൗଷ
௞ୀଵ ൱ଶ (2) 

• for ܽଵ, ܩ ,ܨ ,ܧ ,ܦ and ܪ linear mixing rules ܻ = ෍߰௞ ௞ܻଷ
௞ୀଵ 					 (3) 

• for ܥ cubic mixing rules are necessary ܻ = ൭෍߰௞ ௞ܻଵ ଷൗଷ
௞ୀଵ ൱ଷ 	 (4) 

The only exception to standard mixing rules is given by ܩ mixing parameter. Bender found out that linear 
mixing rule alone was not correct due to binary mixture deviations. The additional term in the mixing rule, 
therefore, accounts for these deviations and it is the result of nonlinear regression on experimental data sets: 

ܩ = 	෍߰௞ܩ௞ଷ
௞ୀଵ +෍ ෍ ቈߙ௜௝ ൬100ܶ ൰௠೔ೕ + ௜௝቉ଷߚ

௝ୀ௜ାଵ ߰௜߰௝ଷ
௜ୀଵ 			 (5) 

Bender also estimated and provided ߙ௜௝, ߚ௜௝ and ݉௜௝ values, that here are proposed in matrix form:  

௜௝ߙ = 	 ൥ 0 −0.0072 0.0057−0.0072 0 0.00950.0057 0.0095 0 ൩					ߚ௜௝ = ൥ 0 0.007 00.007 0 0.0040 0.004 0 ൩ ݉௜௝ = ൥0 6 86 0 48 4 0൩			 (6) 
The ௞ܻ elements appearing in expressions (2-5) are functions of the twenty fitting parameters ܽ௜,௞ (obviously, ܽଵ is function of the ݇ ܽଵ,௞ and the same is for ܽଶ and ܽଶ଴ with the right correspondences):  ܤ௞ = ܽଷ,௞ܶଶ + ܽସ,௞ܶଷ + ܽହ,௞ܶସ  (7) 
௞ܥ = ܽ଺,௞ + ܽ଻,௞ܶ + ଼ܽ,௞ܶଶ  (8) 
௞ܦ = ܽଽ,௞ + ܽଵ଴,௞ܶ  (9) 
௞ܧ = ܽଵଵ,௞ + ܽଵଶ,௞ܶ  (10) 
௞ܨ = ܽଵଷ,௞ܶ  (11) 
௞ܩ = ܽଵସ,௞ܶଷ + ܽଵହ,௞ܶସ + ܽଵ଺,௞ܶହ  (12) 
௞ܪ = ܽଵ଻,௞ܶଷ + ܽଵ଼,௞ܶସ + ܽଵଽ,௞ܶହ  (13) 
Moreover, starting from equation (1) and applying the definition of fugacity in mixture, it is possible to obtain an 
analytical expression. The result shows a dependence on temperature, pressure and phase compositions: 

௞݂∗ = ܴܶ݀௠߰௞ ∙ exp ൬ܴߴ൰ 			 (14) 
ߴ = ቆܽଵி + 2ܽଶிܶ − ிቇ݀௠ܤ2 + ி݀௠ଶܥ32 + ி݀௠ଷܦ + ி݀௠ସܧ + ி݀௠ହܨ + ൥ߚଵ − ଶߚ − ଷߚ) + (ସߚ ൬ܽଶ଴,௞ܽଶ଴ ൰భమ൩ ݀௠ଶ 							 (15) 
As for the pressure, the coefficients appearing in the fugacity equation (14) are function of both the ܽ௜ 
parameters and mixing ones (2-4). Their expressions are provided below: 
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ܽଵி = 	෍ ߰௞ܽଵ,௞ + ܽଵ,௞ଷ௞ୀଵ  (16) 
ܽଶி = 	൬෍ ߰௞ܽଵ,௞ଵ/ଶଷ௞ୀଵ ൰ ∙ ܽଵ,௞ଵ/ଶ	 (17) ܤி = 	 ൬෍ ߰௞ܤ௞ଵ/ଶଷ௞ୀଵ ൰ ∙   (18)	௞ଵ/ଶܤ
ிܥ = 	 ൬෍ ߰௞ܥ௞ଵ/ଷଷ௞ୀଵ ൰ଶ ∙ ிܦ  (19)	௞ଵ/ଷܥ = 	෍ ߰௞ܦ௞ + ௞3ଷ௞ୀଵܦ ிܧ (20)  = 	෍ ߰௞ܧ௞ + ௞4ଷ௞ୀଵܧ ிܨ (21)  = 	෍ ߰௞ܨ௞ + ௞5ଷ௞ୀଵܨ ிܪ (22)  = 	4 ൬෍ ߰௞ܪ௞ଷ௞ୀଵ ൰ 	+  ௞ (23)ܪ
While parameter ܩி has slightly more complex expression that depends on the considered species: 

ி௞ୀଵܩ = ܩ2 + ௞ܩ + ቊቈ−0.0072 ൬100ܶ ൰଺ + 0.007቉߰ଶ(1 − ߰ଵ) + 0.0057 ൬100ܶ ൰଼ ߰ଷ(1 − ߰ଵ)ቋ (24) 
ி௞ୀଶܩ = ܩ2 + ௞ܩ + ቊቈ−0.0072 ൬100ܶ ൰଺ + 0.007቉߰ଵ(1 − ߰ଶ) + ቈ0.0095 ൬100ܶ ൰ସ + 0.004቉߰ଷ(1 − ߰ଶ)	ቋ (25) 
ி௞ୀଷܩ = ܩ2 + ௞ܩ + ቊ0.0057 ൬100ܶ ൰଼ ߰ଵ(1 − ߰ଷ) + ቈ0.0095 ൬100ܶ ൰ସ + 0.004቉߰ଶ(1 − ߰ଷ)ቋ (26) 
Finally ߚଵ = ிܩ + ி/ܽଶ଴2ܽଶ଴݀௠ଶܪ 					 (27) 
ଶߚ = exp(−ܽଶ଴݀௠ଶ ) ቈ ி2ܽଶ଴݀௠ଶܩ + ி2ܽଶ଴ܪ ቆ1 + 1ܽଶ଴݀௠ଶ ቇ቉ (28) 
ଷߚ = ଶ଴݀௠ଶܽܩ [1 − exp(−ܽଶ଴݀௠ଶ ) ∙ (ܽଶ଴݀௠ଶ + 1)] (29) 
ସߚ = ଶ(ଶ଴݀௠ܽ)ܪ ሼ2 − exp(−ܽଶ଴݀௠ଶ ) ∙ [(ܽଶ଴݀௠ଶ + 1)ଶ + 1]ሽ (30) 
 
3. Matrix and vector product to estimate Bender Equation of State coefficients 

The equations of the previous section show a very high complexity degree. In order to speed up the 
calculations, it is worth to exploit matrixes and vectors products especially for vapour-liquid equilibria. Indeed, 
looking at expressions (7-13) it is evident that ௞ܻ coefficients are elements of vectors whose length is ܰܥ; 
moreover, they are composition independent.  
Therefore, defining a composition matrix whose dimensions are ܰܲ ×  ܥܰ number of phase and ܲܰ) ܥܰ
number of compounds) as follows: ധ߰ = ቈ	 ߰௟ప௤തതതതത߰௩௔௣തതതതതത	቉ = ൤̅ݕݔത൨ = ቂݔଵ ଶݔ ଵݕଷݔ ଶݕ   (31)					ଷቃݕ
Is straightforward to compute all the parameters defined in expressions (2-4) through matrix products.  
These operations will provide as results vectors of length NP whose first elements are related to the liquid 
phase, while the second ones to the vapour: തܻ[ܰܲ × 1] = ധ߰[ܰܲ × [ܥܰ ∙ ௞ܻഥ[ܰܥ × 1] (32) 
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തܻ = ൫ ധ߰ ∙ ௞ܻ௠തതതത൯௡ = ቌቂݔଵ ଶݔ ଵݕଷݔ ଶݕ ଷቃݕ ∙ ቎ ଵܻ௠ଶܻ௠ଷܻ௠቏ቍ
௡ =

ێێۏ
௞ݔ൭෍ۍێێ ௞ܻ௠ଷ

௞ୀଵ ൱௡
൭෍ݕ௞ ௞ܻ௠ଷ
௞ୀଵ ൱௡ۑۑے

ېۑۑ = ൤	 ௟ܻ௜௤௩ܻ௔௣		൨ (33) 
Obviously, for linear mixing rule (3) ݉ = 1 and ݊ = 1, while according to nonlinear combination rules (2) and 
(4) the power exponents are ݉ = 0.5, ݊ = 1 and ݉ = 1/3, ݊ = 3 respectively. 
 
The evaluation is fairly more complex for the fugacity coefficients (16-30). In this case, instead of vectors, the 
results are matrixes with dimensions ܰܲ ×  Neglecting powers, which have to be applied as explained .ܥܰ
before element-by-element, the results are: 

ிܻധധധ[ܰܲ × [ܥܰ = ቆ ധ߰[ܰܲ × [ܥܰ ∙ ௞ܻഥ[ܰܥ × 1]ቇ ∙ ௞்ܻതതതത[1 ×  (34) [ܥܰ
ிܻധധധ = തܻ ∙ ௞்ܻതതതത = ൤	 ௟ܻ௜௤௩ܻ௔௣		൨ 			 ∙ [ ଵܻ ଶܻ ଷܻ] = ൤ ௟ܻ௜௤ ଵܻ ௟ܻ௜௤ ଶܻ ௟ܻ௜௤ ଷܻ௩ܻ௔௣ ଵܻ ௩ܻ௔௣ ଶܻ ௩ܻ௔௣ ଷܻ൨  (35) 

analogously,  

ிܻധധധ[ܰܲ × [ܥܰ = ቆ ധ߰[ܰܲ × [ܥܰ ∙ ௞ܻഥ[ܰܥ × 1]ቇ	+	 ௞்ܻതതതത[1 × [ܥܰ  (36) 
ிܻധധധ = തܻ + ௞்ܻതതതത = ൤	 ௟ܻ௜௤௩ܻ௔௣		൨ 	 + [ ଵܻ ଶܻ ଷܻ] = ൤ ௟ܻ௜௤ + ଵܻ ௟ܻ௜௤ + ଶܻ ௟ܻ௜௤ + ଷܻ௩ܻ௔௣+ ଵܻ ௩ܻ௔௣ + ଶܻ ௩ܻ௔௣ + ଷܻ൨  (37) 

Calculation are furtherly speeded up by decomposing the third additive terms in expressions (24-26). These 
can be collected inside a vector by previously setting: 

ߙ = −0.0072 ൬100ܶ ൰଺ + 0.007; ߚ			 = 0.0057 ൬100ܶ ൰଼ ; ߛ = 0.0095 ൬100ܶ ൰ସ + 0.004 (38) 
௞௣തതതതܩ = ቎(߰ߙଶ + ଷ)(1߰ߚ − ߰ଵ)(߰ߙଵ + ଷ)(1߰ߛ − ߰ଶ)(߰ߚଵ + ଶ)(1߰ߛ − ߰ଷ)቏ (39) 
௞௣തതതതܩ = ൥1 − ߰ଵ 0 00 1 − ߰ଶ 00 0 1 − ߰ଷ൩ ∙ ቎(߰ߙଶ + ଵ߰ߙ)(ଷ߰ߚ + ଵ߰ߚ)(ଷ߰ߛ +  ଶ)቏ (40)߰ߛ
௞௣തതതതܩ = ൥1 − ߰ଵ 0 00 1 − ߰ଶ 00 0 1 − ߰ଷ൩ ∙ ൝		൥0 ߙ ߙߚ 0 ߚߛ ߛ 0൩ ∙ ൥߰ଵ߰ଶ߰ଷ൩ ൡ = ߰஽ധധധധ ∙ ൛ܯന ∙ ത߰ൟ  (41) 
Matrix products have to be performed for each phase present in the system. Finally, a matrix is obtained: 

௞௙ധധധധܩ = 	 ቎ቀܩ௞௣( ത߰ = )௞௣ܩതതതതതതതതതതതതതതቁ்ቀ(ݔ̅ ത߰ = 		ത)തതതതതതതതതതതതതതቁ்቏ݕ  (42) 
ܲܰ]ிധധധധܩ × [ܥܰ = ܲܰ]ܩ2̅ × 1] + ௞்തതതത[1ܩ × [ܥܰ + ܲܰ]௞௙ധധധധܩ × [ܥܰ  (43) 

 
4. Comparison with largely-used Equation of State in ASU 

At this point it is useful and interesting to test and compare Bender Equation of State (B) performance with 
respect to two among the most commonly used thermodynamic packages in Air Separation Unit: Peng-
Robinson (PR) and Benedict-Webber-Rubin (BWR). For simplicity, the bubble and dew problems in pressure 
are performed on fixed dry air composition. This means that the composition vector ̅ݖ is equal to ݖேమ = ைమݖ ,0.7812 = 0.2096 and ݖ஺௥ = 0.0092. In the case of bubble problem, the assigned composition corresponds to that 
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of the liquid, while in the dew one to that of the vapour phase. Experimental data set is directly taken from 
NIST Database published in several specialized papers (Jacobsen at al., 2000). Bender Equation of State has 
been implemented in a MatLab® code and in a Visual Studio C++ 2013 source in which BzzMath Library© was 
embodied, while, concerning BWR and PR Equation of State, the thermodynamic packages available in 
Aspen Hysys V10 ware used. The results are compared in Figure 1 and Figure 2. 

 

 
 
 
 
 
 
 

 

 

 

Figure 1: comparison of bubble pressure (left) and liquid phase density (right) relative errors of dry air at 
different temperatures 

 

 

 

 

 

 

 

 

Figure 2: comparison of dew pressure (left) and vapour phase density (right) relative errors of dry air at 
different temperatures 

5. Conclusions  

Despite its complexity, Bender Equation of State shows a very good accuracy and reliability both in the bubble 
and dew problem in the region of interest for Air Separation Unit. With respect to PR Equation of State, 
Bender model exhibit more stability near the critical point due to special nonlinear fitting and regression 
performed in this region by Bender in order to a very robust response of his Equation of State. Whereas, both 
thermodynamics models show lower accuracy and precision near the triple point. Considering that, generally, 
Air Separation Unit works far from both, extremely low temperature and the critical point of the mixtures, due 
to control and technical reasons, the temperature range is limited to moderate temperature. Therefore, future 
developments may concern on how to increase Bender Equation of State prediction capacity in this range of 
interest in order to improve its performance and reliability comparing to another thermodynamic tools already 
available in simulation software. 
 
 

719



Notation and Unit of Measure 

Symbol Meaning Unit of measure / notes ݌ System Pressure  [݇ܲܽ] using original ܽ௜,௞ (Bender, 1973) ݀௠ Molar density [݉ܮ/݈݋] using original ܽ௜,௞ (Bender, 1973) ܴ Ideal gas constant ܴ = 8.314472 [݇ܲܽ ∙ ݈݋݉)/ܮ ∙ ݅ absolute temperature ݇ Compound Index Nitrogen (1), argon (2) and oxygen (3) following (Bender, 1973)ܽ௜,௞ Bender coefficients [ܭ] Temperature ܶ  [(ܭ = 1,2,3… . 20 are provided in Bender thesis (Bender, 1973)  ߰௞ Generic molar fraction   ത߰ Generic composition vector ̅ݔ, ܲܰ] Number of compounds  ധ߰ Composition matrix ܥܰ  ത are respectively vapour liquid composition vectors  ܰܲ Number of phasesݕ × First row for liquid phase and second one for vapour phase ௞ܻ Pure virial coefficients Reference expressions are (7-13) ௞ܻഥ [ܥܰ  Vector of pure virial coefficients Vector collecting the generic ௞ܻ elements previously defined തܻ Mixing coefficient in equation (1) ܽଵ, ܽଶ, ܽଶ଴, ܪ ,ܩ ,ܨ ,ܧ ,ܦ ,ܥ ,ܤ. Mixing rules are classified and 
given in equations (2-5); they are vectors of length [ܰܲ × 1]  ܽ௜௝, ,௜௝ߚ ݉௜௝  Matrix element for estimation of mixing parameter ܩ in (5) ௞݂∗ Fugacity coefficient in mixture [݇ܲܽ] fugacity in mixture defined in equation (15) ிܻ Generic coefficients for fugacity ிܻ is a matrix element in multiphase system ிܻധധധ Matrix of fugacity parameters Reference equations (16-28), matrix dimensions [ܰܲ × ,ߙ [ܥܰ ,ߚ  Elements of matrixes defined in (38)  ߛ
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