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A new strategy to improve the parameters estimation is formulated analytically and
validate on a specific test case. Benefits coming from the novel strategy are then
discussed and compared to the existing approaches.

The proposed strategy deals with the problem of the optimal design of experiments for
nonlinear models and it is based on the detection of possible correlations among the
new planned experimental points and the existing data points on the overall
experimental domain.

1. Introduction

An optimal selection of experimental points is a critical issue for the parameter
estimation as well as for the discrimination among rival models. The relevant interest in
this topic is testified by a large amount of works in the scientific literature. Actually,
some strategies to improve parameter assessment and model discrimination were
proposed in the scientific literature by long time (Box, 1949; Box and Lucas, 1959; Box
and Draper, 1965), whereas some others were more recently proposed (Buzzi-Ferraris
and Forzatti, 1983; Buzzi-Ferraris et al., 1984; Forzatti et al., 1987; Ponce de Leon and
Atkinson, 1991; Buzzi-Ferraris, 1999).

Notwithstanding, optimal design of experiments, parameters estimation, algorithm
robustness, and outliers detection are well-known hard problems and they are still open
issues in the scientific community, even for their spread in many fields involving
experimental activity.

Nowadays, the diffusion of the object-oriented programming codes, the parallel
computing, and the significant increase in available computational power lead to the
possibility to formulate and implement new methods to effectively face the problem of
parameters estimation. On the other hand, some of these approaches were practically
infeasible even only some years ago for their hard implementability and the
computational time required for their solution.

A new strategy based on Gram-Schmidt transformation for vectors orthonormalization
is therefore analytically proposed, and validated. A brief survey of the existing
techniques is given in the section 2. The new strategy for estimating the model
parameters is then analytically proposed in section 3. At last, a simple test case is solved
and discussed in section 4.
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2. Survey of Existing Techniques

To analyze these criteria, some definitions are given here below. For the sake of

conciseness, suppose we have only one dependent variable y = g(x,b). Such an
assumption shall be maintained even for the numerical validation. Let F, I ;"7 and

F. 1 ;“"? bethe matrices of the linearized model:
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where the coefficients f, (xl) are the derivatives of the function g against the
parameters b, calculated in x; and for the optimal b.

The UDV'T factorization (also known as Singular Value Decomposition, SV D)
returns the coefficients of the matrix D (i.e. the eigenvalues of F'F ) and the principal
axes P, of the matrix F, . Accordingly, the projection of the matrix F, into the space

of principal axes can be obtained from the product F, PnT . The distance between one

row of the matrix F,P T and the vector P f  , represents the distance between two
points in this space.

Let X, be the following matrix:

T 2 ,
X, = &pXp,enX, U 3)
The distance between one row of this matrix and the vector x,, , stays for the distance

between the two points estimated in the x -space. Even this matrix can be factorized

SVD to get principal axes P, .
As in the previous case, it is possible to project the matrix X, into the space of its
principal axes by the product X, PxT . By doing so, the distance between one row of this

matrix and the vector P x, . | is the distance between the two points in this space.

It is now possible to introduce some of the most common criteria adopted in the design
of experiments.
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2.1 Criterion no. 1

P

The new point has to maximize the productol_: 1di , Le. the determinant of the matrix

F_.'F.,.

n+l “n

the factorization of the matrix F

For each new point x i

nilo is required. This

criterion tries to minimize the confidence volume of parameters (Box and Lucas, 1959;

Box, 1971). The volume of hyper-ellipsoid W is Vol (W) » .where

1
Jdet(E,.,"F, )

no multiplicative factor is taken into account.

2.2 Criterion no. 2
The new point has to maximize the minimum d, .
This method requires the factorization of the matrix F, ,, for each new point x, _, and

tries to minimize the maximum diameter of the confidence volume of parameters
(Hosten, 1974).

2.3 Criterion no. 3
-1
The new point has to maximize the function fy = £(x, )T (FnTFn ) f(x,,.1)
This criterion adopts a simplified approach against the criterion #4. A single

factorization of the matrix F, is required, but the solution of FnTw = f, ., is required

for each new point.

2.4 Criterion no. 4
1
It minimizes the maximum of the function f, = ' (x, )T (Fn 1 F ) f(x, ) against

X, for each new point x, | .
Smith (1918) proposed this formulation for polynomial models with a single dependent

variable. For each new point, the method needs the factorization of the matrix F,,, ,

the solution of the system F,, 'w=f and the maximization of the function

1 (x, )(Fn+ I O ) 't (x; ). The aim is to minimize the maximum variance for the

model prevision.

2.5 Criterion no. 5

: o P
The new point has to maximize the sum § 4

Contrarily to the criterion #1, which tries to minimize the confidence volume of the
parameters through the volume of hyper-ellipsoid W, this criterion operates on the
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TF ., or the factorization of the

perimeter of W. It requires either the product F, " F,

matrix F

1 for each new point x, , ;.

2.6 Criterion no. 6
The new point has to maximize the inverse of ¥, | condition number k = —-.

max

Purpose of this criterion is the minimization of the condition number. For each new

point x it requires the factorization of the matrix F, , ;.

n+1-°

2.7 Criterion no. 7
o P d

. L oA Y
The new point has to maximize the quotient ~’—11

P
Oi= 1di
This criterion is maximizes the sphericity of the confidence volume of parameters. It

factorizes the matrix F, |

for each new point x,, , ;.

All the aforementioned criteria deal with the reduction of possible parameter
correlations for the selected model and, on this purpose, some consequences already
discussed elsewhere (Buzzi-Ferraris and Manenti, 2009a, b) have to be taken into
account.

3. New Strategy

It is also possible to see the problem from another point of view to detect possible
correlations among parameters. Exploiting the fact that non-orthonormal vectors can be
transformed into orthonormal ones through different techniques (Golub, Van Loan,
1983), vectors orthonormality can be considered as a good index to detect possible
parameters correlations and improving the parameters correlation as well.

According to Gram-Schmidt transformation, it is possible to orthonormalize vectors

f.,., among each others as follows, in order to select the best n + 1 additional

experimental point:

g = fi,

, 4
viT g/ ”gl "2 @
g i B0t - (fz,n+1TV1 )Vl 5)
v, =8/ |l
gy = f,. - (f3,n+1TV2 )Vz - (fz,n+1TV1 )V1 6)

vy =g/ ||g3 Hz
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_ T T T
8 =ty - (f4,n+1 V3 )V3 - (f4,n+1 \p) )Vz - (f4,n+1 Vi )Vl
vi = g/ e, ™
where v, , where i = 1,...,n with n denoting columns fi’n +1 of the matrix Fm 41518
the set of orthonormalized vectors obtained by Gram-Schmidt process. At this point, it
possible to define the new strategy in according to the aforementioned criteria:

“The new point has to minimize the maximum absolute value of cosine of the angles

i

among vectors v,

In other words, the maximum absolute value of the inner product among vectors v, has

to be minimized: min {max {vl.ij, ; }}

4. Numerical Validation

Such a strategy was validated on different test cases with different degrees of
complexity, by obtaining encouraging results. For space reasons, a trivial application
only is proposed hereinafter.

According to the formulation of the previous section, let us consider the case with four

columns (y = 1., y = x, y = x*, and y = x*) and 7 existing experiments already

carried out in three distinct points within the domain of our interest gl.;lO.H,

specifically in correspondence with x = {1.,1.,1.,10.,10.,10.,3.5 }.

Adopting the new strategy, the following series of successive optimal experiments is

proposed to improve the parameters estimation: x; = 6.14, x, = 8.07, x,, = 6.65,

and x,; = 9.50.

Cleverly, the new strategy does not re-propose any existing point (new points do not
overlap the existing ones) and it tends to exploit the overall experimental domain as
well. By doing so, it satisfactorily overcomes one of the main shortcomings of the
aforementioned criteria no. 1-7, which are usually unable to propose new points far
from the existing experiments.

Unfortunately, some other shortcomings affecting the previous criteria no. 1-7 are still
present even in the new strategy. One of the most important is the need to have at least

n - 1 distinct points, where n is the number of columns f; to initialize the

int+1°

procedure.

5. Conclusions

This research activity proposed a novel strategy to face the problem of the parameters
estimation. The approach was analytically proposed, and validated on specific test cases
giving satisfactory results. Actually, the novel strategy does not tend to re-propose the
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same experimental points (by preventing the overlapping of the new experiments to the
existing ones), contrarily to what happens by using one of the traditional criteria
mentioned in section 2.
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